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Explicit formulae of the equations in the generalized Galileon models are given. We also develop
the formulation of the reconstruction. By using the formulation, we can explicitly construct an action
which reproduces an arbitrary development of the expansion of the universe. We show that we can
completely and explicitly separate the action to the part relevant for the expansion and the irrelevant
part. The irrelevant part are related with the stability of the reconstructed solution and we can
further separate the part to the part relevant for the stability and the part irrelevant for the stability.
The conditions how the reconstructed solution becomes stable and therefore it becomes an attractor
solution are also given. Working in the static and spherically symmetric space-time, we investigate
how the Vainshtein mechanism works in the generalized Galileon model and the correction to the
Newton law becomes small. It is also shown that any spherically symmetric and static geometry
can be realized by properly choosing the form of the action, which may tell that the solution could
have fourth hair corresponding to the scalar field. We again separate the action to the part relevant
for the reconstruction for the spherically symmetric and static geometry and the irrelevant part.
We show that by choosing the relevant and irrelevant parts appropriately, we can obtain an action
which admits both the solution corresponding to an arbitrarily given spherically symmetric and
static geometry and the solution an arbitrarily given expansion history of the universe.
PACS numbers: 95.36.+x, 98.80.Cq
I. INTRODUCTION
The observation of the type Ia supernovae at the end of the last century tells that the expansion of the present
universe is accelerating [1–3]. In order that the accelerating expansion could occur in the Einstein gravity, we need
cosmological fluid with the negative pressure and we call the fluid as dark energy (for review, see [4–6]). The simplest
model of dark energy is the cosmological term in the Einstein gravity, which is called ΛCDM model (CDM is cold
dark matter). The ΛCDM model, however, suffers the so-called fine-tuning problem and/or coincidence problem. In
order to avoid these problems, many kinds of dynamical models have been proposed. Especially there are dynamical
models using the scalar field(s) like quintessence model [7–11], k-essence models [12–14], or ghost condensation models
[17, 18]. Such scalar models, however, generate large correction to the Newton law in general by the propagation of the
scalar field. In order to make the correction decrease, so-called Chameleon mechanism has been proposed in [19, 20].
In the Chameleon mechanism, the mass of the scalar field becomes large when the mass density is large and therefore
the force propagated by the scalar field becomes very short range, so that the correction can become very small not
to conflict with the observational or experimental results. Another mechanism to suppress the contribution from the
scalar field is the Vainshtein mechanism [21], where the scalar field is suppressed by the non-linear structure of the
scalar field equation. Originally the Vainshtein mechanism was a mechanism for the decoupling of the longitudinal
mode in the massive gravity. After that, it was found that similar mechanism works [25, 26] for the bending mode of
the DGP model [22–24]. Then the scalar field models where the Vainshtein mechanism works have been proposed.
The actions of the original models have a symmetry called Galilean symmetry and hence the scalar field is called as
the Galileon field [27–29]. The equation of motion for the Galileon field does not include the derivative higher than
two, which may prevent the existence of the ghost although the condition is not necessary nor sufficient condition for
no ghost. We also note that the structure of the equation does not have a direct relation with the Galilean symmetry.
Until now there are a number of activities related with the Galileon scalar field [30–32].
In generalized models of the Galileon field, the field equations of motion is very complicated but it could be useful
for future researches if the explicit forms of the equations are given. In this paper, we explain how the field equations
of motion do not include the derivatives higher than two. As pointed in [31], the Levi-Civita symbol ǫµνρσ plays the
crucial role in the structure. In [32], it has been shown that the actions obtained in [31] are equivalent to those in
[33]. When we consider the curved space-time, in order to preserve the structure of the field equation, there appear
the correction terms including the curvatures in the action, which also guarantees that the Einstein equations do
not include the derivatives higher than two, either. We also develop the formulation of the reconstruction, which
tells the explicit form of the action reproducing an arbitrary development of the expansion of the universe. We show
the conditions how the reconstructed solution becomes stable and thus it becomes an attractor solution. We also
investigate how the Vainshtein mechanism works in the curved space-time for the generalized Galileon model. We
2also show that any spherically symmetric and static geometry can be realized by properly choosing the form of the
action, which may tell that the solution could have fourth hair corresponding to the scalar field.
We give explicit forms of the equations as far as we can although they looks very complicated. We believe the
explicit formulae could be necessary for later applications.
In the next section, we give a general formulation of the Galileon field and show how the derivatives higher than
two do not appear in the field equations and the Einstein equation. In Section III, we consider the FRW dynamics
and give formulae for the reconstruction. The stability of the reconstructed solution is also investigated. In Section
IV, we examine the spherically symmetric and static space-time and investigate how the Vainshtein mechanism works
for the generalized Galileon model. We also realize any spherically symmetric and static geometry in the framework
of the Galileon model. The last section is devoted to the summary and discussion.
II. FORMULATION OF GALILEON SCALAR
In this section, we give a general formulation of the Galileon models by using the Levi-Civita symbol ǫµνρσ in flat
space-time and curved one.
We first consider the flat space-time. We now find the contributions from the Galileon scalar π to the equations of
motion are expressed as [27–29]
E1 = 1 = 1
4!
ǫµνρσǫ
µνρσ ,
E2 = −2trΠ = −1
3
ǫ δµνρǫ
µνρσ∂δ∂σπ ,
E3 = −3
{
(trΠ)
2 − trΠ2
}
= −3
2
ǫ γδµν ǫ
µνρσ∂γ∂ρπ∂δ∂σπ ,
E4 = −2
{
(trΠ)
3 − 3trΠtrΠ2 + 2trΠ3
}
= −2ǫ βγδµ ǫµνρσ∂β∂νπ∂γ∂ρπ∂δ∂σπ ,
E5 = −5
6
{
(trΠ)
4 − 6 (tr Π)2 tr Π2 + 8 (trΠ) trΠ3 + 3 (trΠ2)2 − 6trΠ4}
= −5
6
ǫαβγδǫµνρσ∂α∂µπ∂β∂νπ∂γ∂ρπ∂δ∂σπ . (1)
Here Πµν ≡ ∂µ∂νπ and trΠ = Πµµ. We have also used the following formula:
ǫαβγδǫµνρσ = ηαµηβνηγρηδσ − ηαµηβνηγσηδρ + ηαµηβρηγσηδν − ηαµηβρηγνηδσ + ηαµηβσηγνηδρ − ηαµηβσηγρηδν
−ηανηβρηγσηδµ + ηανηβρηγµηδσ − ηανηβσηγµηδρ + ηανηβσηγρηδµ − ηανηβµηγρηδσ + ηανηβµηγσηδρ
+ηαρηβσηγµηδν − ηαρηβσηγνηδµ + ηαρηβµηγνηδσ − ηαρηβµηγσηδν + ηαρηβνηγσηδµ − ηαρηβνηγµηδσ
−ηασηβµηγνηδρ + ηασηβµηγρηδν − ηασηβνηγρηδµ + ηασηβνηγµηδρ − ηασηβρηγµηδν + ηασηβρηγνηδµ . (2)
Then it is easy to find the corresponding Lagrangian densities as follows
L1 = π ,
L2 = 1
6
ǫ δµνρǫ
µνρσ∂δπ∂σπ = ∂
µπ∂µπ ,
L3 = 1
2
ǫ γδµν ǫ
µνρσ∂γπ∂ρπ∂δ∂σπ = ∂
µπ∂µππ − ∂µπ∂νπ∂µ∂νπ ,
L4 = 1
2
ǫ βγδµ ǫ
µνρσ∂βπ∂νπ∂γ∂ρπ∂δ∂σπ
=
1
2
(
∂µπ∂
µπ (π)
2 − ∂µπ∂µπ∂σ∂ρπ∂ρ∂σπ − 2∂µπ∂νπ∂µ∂νππ + 2∂νπ∂µπ∂ρ∂νπ∂µ∂ρπ
)
,
L5 = 1
6
ǫαβγδǫµνρσ∂απ∂µπ∂β∂νπ∂γ∂ρπ∂δ∂σπ
=
1
6
(
∂µπ∂
µπ (π)
3 − 3∂µπ∂µππ∂ν∂ρπ∂ρ∂νπ + 2∂µπ∂µπ∂ρ∂νπ∂σ∂ρπ∂ν∂σπ − 3∂µπ∂νπ∂µ∂νπ (π)2
+3∂µπ∂νπ∂µ∂νπ∂
σ∂ρπ∂
ρ∂σπ + 6∂
νπ∂µπ∂ρ∂νπ∂µ∂ρππ − 6∂νπ∂µπ∂σ∂νπ∂µ∂ρπ∂ρ∂σπ) . (3)
In the curved space-time, instead of the above Lagrangian densities (3), we may consider the following ones:
L1 = π ,
3L2 = 1
6
ǫ δµνρǫ
µνρσ∂δπ∂σπ = ∂
µπ∂µπ ,
L3 = 1
2
ǫ γδµν ǫ
µνρσ∂γπ∂ρπ∇δ∂σπ = ∂µπ∂µππ − ∂µπ∂νπ∇µ∂νπ ,
L(0)4 =
1
2
ǫ βγδµ ǫ
µνρσ∂βπ∂νπ∇γ∂ρπ∇δ∂σπ ,
=
1
2
(
∂µπ∂
µπ (π)
2 − ∂µπ∂µπ∇σ∂ρπ∇ρ∂σπ − 2∂µπ∂νπ∇µ∂νππ + 2∂νπ∂µπ∇ρ∂νπ∇µ∂ρπ
)
,
L(0)5 =
1
6
ǫαβγδǫµνρσ∂απ∂µπ∇β∂νπ∇γ∂ρπ∇δ∂σπ ,
=
1
6
(
∂µπ∂
µπ (π)
3 − 3∂µπ∂µππ∇ν∂ρπ∇ρ∂νπ + 2∂µπ∂µπ∇ρ∂νπ∇σ∂ρπ∇ν∂σπ − 3∂µπ∂νπ∇µ∂νπ (π)2
+3∂µπ∂νπ∇µ∂νπ∇σ∂ρπ∇ρ∂σπ + 6∂νπ∂µπ∇ρ∂νπ∇µ∂ρππ − 6∂νπ∂µπ∇σ∂νπ∇µ∂ρπ∇ρ∂σπ) . (4)
Here ∇µ is the covariant derivative and the meaning of the suffix “(0)” in L(0)5 and L(0)4 will be clarified soon. In (4),
ǫαβγδǫµνρσ is defined by
ǫαβγδǫµνρσ = gαµgβνgγρgδσ − gαµgβνgγσgδρ + gαµgβρgγσgδν − gαµgβρgγνgδσ + gαµgβσgγνgδρ − gαµgβσgγρgδν
−gανgβρgγσgδµ + gανgβρgγµgδσ − gανgβσgγµgδρ + gανgβσgγρgδµ − gανgβµgγρgδσ + gανgβµgγσgδρ
+gαρgβσgγµgδν − gαρgβσgγνgδµ + gαρgβµgγνgδσ − gαρgβµgγσgδν + gαρgβνgγσgδµ − gαρgβνgγµgδσ
−gασgβµgγνgδρ + gασgβµgγρgδν − gασgβνgγρgδµ + gασgβνgγµgδρ − gασgβρgγµgδν + gασgβρgγνgδµ . (5)
which gives
ǫ βγδµ ǫ
µνρσ = gβνgγρgδσ − gβνgγσgδρ + gβρgγσgδν − gβρgγνgδσ + gβσgγνgδρ − gβσgγρgδν ,
ǫ γδµν ǫ
µνρσ = 2
(
gγρgδσ − gγσgδρ) ,
ǫ δµνρ ǫ
µνρσ = 6gδσ . (6)
Since ∇ρgµν = 0, we find ∇λ
(
ǫαβγδǫµνρσ
)
= 0. By the variation of π, instead of (1), we obtain
E1 = 1 ,
E2 = −2∇µ∂µπ ,
E3 = ǫ γδµν ǫµνρσ
{
−3
2
∇γ∂ρπ∇δ∂σπ + 3
4
Rλσγδ∂ρπ∂λπ
}
,
E(0)4 = ǫ βγδµ ǫµνρσ
{
−2∇β∂νπ∇γ∂ρπ∇δ∂σπ + 5
2
Rλρβγ∂νπ∂λπ∇δ∂σπ
−1
2
∂βπ∂νπ
(∇ρRλσγδ) ∂λπ − 12∂βπ∂νπRλσγδ∇ρ∂λπ
}
,
E(0)5 = ǫαβγδǫµνρσ
{
−5
6
∇α∂µπ∇β∂νπ∇γ∂ρπ∇δ∂σπ + 7
4
Rλναβ∂µπ∂λπ∇γ∂ρπ∇δ∂σπ
+
1
4
∂απ∂µπR
λ
ρβγ∂λπR
τ
δνσ∂τπ −
1
2
∂απ∂µπ
(∇νRλρβγ) ∂λπ∇δ∂σπ − 12∂απ∂µπRλρβγ∇ν∂λπ∇δ∂σπ
}
. (7)
Here we have used the Bianchi identity
0 = ∇λRαβµν +∇µRαβνλ +∇νRαβλµ , (8)
and the definition of the Riemann curvature:
[∇µ,∇ν ]Vρ = −RλρµνVλ . (9)
Here Vλ is a covariant vector. Note that in E(0)5 and E(0)4 , there appear the derivatives of the Riemann curvature,
which include the third derivatives. By using the Bianchi identity (8), we find
− 1
2
ǫαβγδǫµνρσ∂απ∂µπ
(∇νRλρβγ) ∂λπ∇δ∂σπ = 14 ǫαβγδǫµνρσ∂απ∂µπ∇λ (Rρνβγ) ∂λπ∇δ∂σπ ,
4−1
2
ǫ βγδµ ǫ
µνρσ∂βπ∂νπ
(∇ρRλσγδ) ∂λπ = 14 ǫ βγδµ ǫµνρσ∂βπ∂νπ∇λ (Rσργδ) ∂λπ . (10)
Then if we consider the following Lagrangian densities:
∆L4 = 1
8
ǫ βγδµ ǫ
µνρσ∂βπ∂νπRσργδ∂λπ∂
λπ ,
∆L5 = 1
8
ǫαβγδǫµνρσ∂απ∂µπRρνβγ∇δ∂σπ∂λπ∂λπ , (11)
by the variation of π, we have
∆E4 = −1
8
ǫ βγδµ ǫ
µνρσ
{
2∇β∂νπRσργδ∂λπ∂λπ + 8∂νπRσργδ∇β∂λπ∂λπ
+2∂βπ∂νπRσργδπ + 2∂βπ∂νπ∇λRσργδ∂λπ
}
,
∆E5 = 1
8
ǫαβγδǫµνρσ
{
−3∇α∂µπ∇δ∂σπRρνβγ∂λπ∂λπ + 3
2
∂µπRρνβγR
τ
σαδ∂τπ∂λπ∂
λπ
−12∂µπRρνβγ∇δ∂σπ∇α∂λπ∂λπ + 2∂απ∂µπRρνβγ∇σ∂λπ∇δ∂λπ − 2∂απ∂µπRρνβγRτδσλ∂τπ∂λπ
−2∂απ∂µπRρνβγ∇δ∂σππ − 2∂απ∂µπ∇λRρνβγ∇δ∂σπ∂λπ
}
. (12)
Hence, if we define
L4 ≡ L(0)4 +∆L4 , L5 ≡ L(0)5 +∆L5 , (13)
by the variation of π, we acquire
E4 = E(0)4 +∆E4
= ǫ βγδµ ǫ
µνρσ
{
−2∇β∂νπ∇γ∂ρπ∇δ∂σπ + 5
2
Rλρβγ∂νπ∂λπ∇δ∂σπ −
1
2
∂βπ∂νπR
λ
σγδ∇ρ∂λπ
−1
4
∇β∂νπRσργδ∂λπ∂λπ − ∂νπRσργδ∇β∂λπ∂λπ − 1
4
∂βπ∂νπRσργδπ
}
,
E5 = E(0)5 +∆E5
= ǫαβγδǫµνρσ
{
−5
6
∇α∂µπ∇β∂νπ∇γ∂ρπ∇δ∂σπ + 7
4
Rλναβ∂µπ∂λπ∇γ∂ρπ∇δ∂σπ
+
1
4
∂απ∂µπR
λ
ρβγ∂λπR
τ
δνσ∂τπ −
1
2
∂απ∂µπR
λ
ρβγ∇ν∂λπ∇δ∂σπ −
3
8
∇α∂µπ∇δ∂σπRρνβγ∂λπ∂λπ
+
3
16
∂µπRρνβγR
τ
σαδ∂τπ∂λπ∂
λπ − 3
2
∂µRρνβγ∇δ∂σπ∇α∂λπ∂λπ + 1
4
∂απ∂µπRρνβγ∇σ∂λπ∇δ∂λπ
−1
4
∂απ∂µπRρνβγR
τ
δσλ∂τπ∂
λπ − 1
4
∂απ∂µπRρνβγ∇δ∂σππ
}
. (14)
Note that in the expressions in (14), there does not appear the derivatives higher than two.
In the curved space-time, we may also consider the following Lagrangian densities
L6 = ǫ βγδµ ǫµνρσ∂βπ∂νπRγδρσ
= −4
(
Rµν − 1
2
gµνR
)
∂µπ∂νπ ,
L7 = ǫαβγδǫµνρσ∂απ∂µπ∇β∂νπRγδρσ ,
= 2∂µπ∂
µππR− 4∂µπ∂µπ∇ν∇ρπRνρ − 2∂νπ∂µπ∇ν∂µπR
+8∂νπ∂µπ∇ν∂ρπRµρ − 4∂ρπ∂µππRµρ + 4∂ρπ∂µπ∇σ∂νπRµνρσ . (15)
By the variation π, we obtain
E6 = −2ǫ βγδµ ǫµνρσ∇β∂νπRγδρσ ,
E7 = −3ǫαβγδǫµνρσ∇α∂µπ∇β∂νπRγδρσ + 3
2
ǫαβγδǫµνρσ∂µπ∂λπR
λ
ναβRγδρσ . (16)
5Even in the curved space-time, Ei’s (i = 1, 2, · · · , 7) do not include the derivatives higher than the second ones1. We
should also note that
∆L4 = −1
8
L6∂λπ∂λπ , ∆L5 = −1
8
L7∂λπ∂λπ . (17)
Now we find that the general Lagrangian has the following form
L = R
2κ2
+G2(π,X) +G3(π,X)L3 + ∂G4(π,X)
∂X
L(0)4 −
1
8
G4(π,X)L6
+
∂G5(π,X)
∂X
L(0)5 −
1
8
G5(π,X)L7 +G6(π)L6 +G7(π)L7 +G8(π)L8 . (18)
Here X = ∂µπ∂
µπ and L8 is four times the Gauss-Bonnet invariant:
L8 = ǫαβγδǫµνρσRαβµνRγδρσ = 4
(
R2 − 4RµνRµν +RµνρσRµνρσ
)
. (19)
We now show that even in the generalized action (18), there do not appear the higher derivative (higher than second
order) in the equations given by the variation of π. In fact, we find
E(G)2 =
∂G2
∂π
− 2∂α ∂G2
∂X
∂απ − 2∂G2
∂X
π . (20)
E(G)3 = ǫ γδµν ǫµνρσ
[
2
∂2G3
∂X2
∂βπ∂απ∂γπ∂ρπ(∇σ∂βπ∇δ∂απ −∇α∂βπ∇δ∂σπ)
+
∂2G3
∂π∂X
∂γπ∂ρπ(2∂σπ∂απ∇δ∂απ − ∂απ∂απ∇δ∂σπ) + 1
2
∂2G3
∂π2
∂σπ∂δπ∂γπ∂ρπ
+
∂G3
∂X
(∇σ∂απ∂γπ∂ρπ∇δ∂απ + 3∂απ∇σ∂γπ∂ρπ∇δ∂απ − 4∂απ∇α∂γπ∂ρπ∇δ∂σπ −π∂γπ∂ρπ∇δ∂σπ)
+
∂G3
∂π
(
∂σπ∂γπ∇δ∂ρπ − 3
2
∂γπ∂ρπ∇δ∂σπ
)
− 3
2
G3∇γ∂ρπ∇δ∂σπ (21)
+
∂G3
∂X
∂απ∂γπ∂ρπR
β
σαδ ∂βπ −
3
4
G3R
α
γδσ ∂απ∂ρπ
]
, (22)
E(G,0)4 = ǫ βγδµ ǫµνρσ
[
−∂α ∂
2G4
∂X2
∂απ∂βπ∂νπ∇γ∂ρπ∇δ∂σπ − ∂
2G4
∂X2
∂νπ∇γ∂ρπ∇δ∂σπ(π∂βπ + 2∂απ∇α∂βπ)
+2∂ρ
∂2G4
∂X2
∂απ∇γ∂απ∂βπ∂νπ∇δ∂σπ + 2∂
2G4
∂X2
∇ρ∂απ∇γ∂απ∂βπ∂νπ∇δ∂σπ
+∂ρ
∂2G4
∂π∂X
∂γπ∂βπ∂νπ∇δ∂σπ
+
∂G4
∂X
(
−2∇β∂νπ∇γ∂ρπ∇δ∂σπ + 5
2
Rλρβγ∂νπ∂λπ∇δ∂σπ −
1
2
∂βπ∂νπR
λ
σγδ∇ρ∂λπ
)
+2
∂2G4
∂X2
(
∂απ∇γ∂απ∂βπ∂νπR λρσδ ∂λπ + ∂απR λραγ ∂λπ∂βπ∂νπ∇δ∂σπ
)
+2
∂2G4
∂X2
∂απR λραγ ∂λπ∂βπ∂νπ∇δ∂σπ +
∂2G
∂π∂X
∂γπ∂βπ∂νπR
λ
ρσδ ∂λπ
−1
2
∂G4
∂X
∂βπ∂νπ(∇ρRλσγδ)∂λπ
]
. (23)
Only the last term in (23) includes the third derivative of the metric. This term can be canceled by ∆E(G)4 , which is
given by the variation of − 18G4L6,
∆E(G)4 = ǫ βγδµ ǫµνρσ
[
1
4
∂λ
∂G4
∂X
∂λπ∂βπ∂νπRγδρσ +
1
4
∂G4
∂X
π∂βπ∂νπRγδρσ +
1
2
∂G4
∂X
∂λπ∇λ∂βπ∂νπRγδρσ
1 In addition to the Lagrangian densities in (15), the Brans-Dicke type Lagrangian density
LBD = f(pi)R ,
does not generate the field equation and the Einstein equation including the derivatives higher than the second ones. Here f(pi) is an
arbitrary function of the scalar field pi.
6+
1
2
∂G4
∂X
∂βπ∂ν(∇ρRλσγδ)∂λπ −
1
8
∂G4
∂π
∂βπ∂νπRγδρσ +
1
4
∂βG4∂νπRγδρσ +
1
4
G4∇β∂νπRγδρσ
]
. (24)
The third derivative term in (23) is canceled by the fourth term in (24).
We also have
E(G,0)5 = ǫαβγδǫµνρσ
[
−1
3
∂λ
∂2G5
∂X2
∂λπ∂απ∂µπ∇β∂νπ∇γ∂ρπ∇δ∂σπ
−1
3
∂2G5
∂X2
∂µπ∇β∂νπ∇γ∂ρπ∇δ∂σπ(π∂απ + 2∂λπ∇λ∂απ) + 1
6
∂2G5
∂π∂X
∂απ∂νπ∇β∂νπ∇γ∂ρπ∇δ∂σπ
+
(
∂ν
∂2G5
∂X2
∂λπ +
∂2G5
∂X2
∇ν∂λπ
)
∇β∂λπ∂απ∂µπ∇γ∂ρπ∇δ∂σπ
+
1
2
(
∂ν
∂2G5
∂π∂X
∂βπ +
∂2G5
∂π∂X
∇ν∂βπ
)
∂απ∂µπ∇γ∂ρπ∇δ∂σπ
∂G5
∂X
(
−5
6
∇α∂µπ∇β∂νπ∇γ∂ρπ∇δ∂σπ + 7
4
Rλναβ∂µπ∂λπ∇γ∂ρπ∇δ∂σπ +
1
4
∂απ∂µπR
λ
ρβγ∂λπR
τ
δνσ∂τπ
−1
2
∂απ∂µπR
λ
ρβγ∇ν∂λπ∇δ∂σπ
)
+
∂2G5
∂X2
∂λπR τνλβ ∂τπ∂απ∂µπ∇γ∂ρπ∇δ∂σπ
+∂β
∂G5
∂X
∂απ∂µπ∇γ∂ρπR λνσδ ∂λπ −
1
2
∂G5
∂X
∂απ∂µπ(∇νRλρβγ)∂λπ∇δ∂σπ
]
. (25)
Only the last term in (25) includes the third derivative term and this term is canceled by the seventh term in ∆E(G)5
∆E(G)5 = ǫαβγδǫµνρσ
[
1
4
(
∂λ
∂G5
∂X
∂λπ +
∂G5
∂X
π
)
∂απ∂µπ∇β∂νπRγδρσ + 1
2
∂G5
∂X
∂λπ∇λ∂απ∂µπ∇β∂νπRγδρσ
+
1
4
(∂αG5∂µπ +G5∇α∂µπ)∇β∂νπRγδρσ − 1
4
∂βG5∇ν∂απ∂µπRγδρσ + 1
8
G5∇ν∂απ∇β∂µRγδρσ
−1
4
∂G5
∂π
∂απ∂µπ∇β∂νπRγδρσ + 1
2
∂G5
∂X
∂απ∂µπ(∇νRλρβγ)∂λπ∇δ∂σπ
+
1
4
∂G5
∂X
∂λπ∂απ∂µπR
τ
λνβ ∂τπRγδρσ +
3
8
G5∂µπR
τ
αβν ∂τπRγδρσ
]
. (26)
It is straightforward to see that the equations of motion given by variation of π from G6(π)L6, G7(π)L7, and G8(π)L8
do not include the derivative higher than two because G6(π), G7(π), and G8(π) do not contain X .
We also investigate the equation given by the variation of the metric. The equation corresponds to the Einstein
equation. Since
δg = ggµνδgµν ,
δΓκµν =
1
2
gκλ (∇µδgνλ +∇νδgµλ −∇λδgµν) ,
δRµνλσ = ∇λδΓµσν −∇σδΓµλν ,
δRµνλσ =
1
2
[
∇λ∇νδgσµ −∇λ∇µδgσν −∇σ∇νδgλµ +∇σ∇µδgλν + δgµρRρνλσ − δgνρRρµλσ
]
,
δRµν =
1
2
[∇ρ (∇µδgνρ +∇νδgµρ)−∇2δgµν −∇µ∇ν (gρλδgρλ)]
=
1
2
[∇µ∇ρδgνρ +∇ν∇ρδgµρ −∇2δgµν −∇µ∇ν (gρλδgρλ)− 2Rλ ρν µδgλρ +Rρµδgρν +Rρνδgρµ] ,
δR = −δgµνRµν +∇µ∇νδgµν −∇2 (gµνδgµν) , (27)
we find
0 =
1
2κ2
(
1
2
gµνR−Rµν
)
+ (H2)µν + (H3)µν + (H4)µν + (H5)µν + (H6)µν + (H7)µν + (H8)µν . (28)
Here
(H2)µν = 1
2
gµνG2(π,X)− ∂G2(π,X)
∂X
∂µπ∂νπ , (29)
7(H3)µν = 1
2
gµνG3(π,X)L3 − ∂G3(π,X)
∂X
L3∂µπ∂νπ
−G3(π,X) (∂µπ∂νππ − ∂µπ∂ρπ∇ν∂ρπ − ∂νπ∂ρπ∇µ∂ρπ)
+
1
2
(−gµνπ + ∂νπ∂µ + ∂µπ∂ν − gµν∂τπ∂τ ) (G3(π,X)∂ρπ∂ρπ)− 1
2
∇ρ (G3(π,X)∂ρπ∂µπ∂νπ) , (30)
(H4)µν = 1
2
gµν
{
∂G4(π,X)
∂X
L(0)4 −
1
8
G4(π,X)L6
}
−
{
∂2G4(π,X)
∂X2
L(0)4 −
1
8
∂G4(π,X)
∂X
L6
}
∂µπ∂νπ
+
1
2
∂G4(π,X)
∂X
{
−∂µπ∂νπ
(
(π)
2 −∇σ∂ρπ∇ρ∂σπ
)
+ 2∂ρπ∂
ρπ∇µ∂σπ∇ν∂σπ
+2∂µπ∂ρπ∇ν∂ρππ + 2∂νπ∂ρπ∇µ∂ρππ − 2∂µπ∂ρπ∇σ∂νπ∇ρ∂σπ − 2∂νπ∂ρπ∇σ∂µπ∇ρ∂σπ
−2∂ρπ∂σπ∇µ∂ρπ∇ν∂σπ}
+
1
2
(−gµνπ + ∂νπ∂µ + ∂µπ∂ν − gµν∂τπ∂τ )
[
1
2
∂G4(π,X)
∂X
{2∂ρπ∂ρππ − 2∂ρπ∂σπ∇ρ∂σπ}
]
−∇λ
[
1
2
∂G4(π,X)
∂X
{
∂ρπ∂
ρπ
(∇λ∂µπ∂νπ +∇λ∂νπ∂µπ − ∂λπ∇µ∂νπ)
+∂λπ∂µπ∂νππ − 2∇τ∂λπ∂τπ∂µπ∂νπ
}]
+
1
2
G4(π,X)
{
1
2
(Rµρ∂νπ∂ρπ +R
νρ∂µπ∂ρπ)− 1
2
R∂µπ∂νπ
}
+
1
2
∇ρ∇ν (G4(π,X)∂ρπ∂µπ)− 1
4
 (G4(π,X)∂
µπ∂νπ)− 1
4
∇ρ∇σ (G4(π,X)gµν∂ρπ∂σπ)
+
1
4
G4(π,X)R
µν∂ρπ∂
ρπ − 1
4
∇µ∇ν (G4(π,X)∂ρπ∂ρπ) + 1
4
 (G4(π,X)g
µν∂ρπ∂
ρπ)
−1
2
∂ρπ∂σR
µσνρ , (31)
(H5)µν = 1
2
gµν
{
∂G5(π,X)
∂X
L(0)5 −
1
8
G5(π,X)L7
}
−
{
∂2G5(π,X)
∂X2
L(0)5 −
1
8
∂G5(π,X)
∂X
L7
}
∂µπ∂νπ
+
1
6
∂G5(π,X)
∂X
{−∂µπ∂νπ(π)3 + 3∂µπ∂νππ∇σ∂ρπ∇ρ∂σπ + 6∂ρπ∂ρππ∇µ∂σπ∇σ∂νπ
−2∂µπ∂νπ∇ρ∂τπ∇σ∂ρπ∇τ∂σπ − 6∂ρπ∂ρπ∇σ∂νπ∇τ∂σπ∇µ∂τπ + 3∂µπ∂ρπ∇ν∂ρπ(π)2
+3∂νπ∂ρπ∇µ∂ρπ(π)2 − 3∂µπ∂ρπ∇ν∂ρπ∇σ∂τπ∇τ∂σπ − 3∂νπ∂ρπ∇µ∂ρπ∇σ∂τπ∇τ∂σπ
−6∂ρπ∂σπ∇ρ∂σπ∇µ∂τπ∇τ∂νπ − 6∂µπ∂ρπ∇σ∂νπ∇ρ∂σππ − 6∂νπ∂ρπ∇σ∂µπ∇ρ∂σππ
−6∂ρπ∂σπ∇µ∂ρπ∇σ∂νππ + 6∂µπ∂ρπ∇σ∂νπ∇ρ∂τπ∇τ∂σπ + 6∂νπ∂ρπ∇σ∂µπ∇ρ∂τπ∇τ∂σπ
+6∂ρπ∂σπ∇µ∂ρπ∇σ∂τπ∇τ∂νπ + 6∂ρπ∂σπ∇ν∂ρπ∇σ∂τπ∇τ∂µπ}
+
1
2
(−gµνπ + ∂νπ∂µ + ∂µπ∂ν − gµν∂τπ∂τ )
{
1
6
∂G5(π,X)
∂X
(
3∂ρπ∂
ρπ(π)2
−3∂ρπ∂ρπ∇σ∂τπ∇τ∂σπ − 6∂ρπ∂σπ∇ρ∂σππ + 6∂ρπ∂σπ∇τ∂ρπ∇σ∂τπ)}
+∇λ
{
1
6
∂G5(π,X)
∂X
(−3∂ρπ∂ρππ∂νπ∇µ∂λπ − 3∂ρπ∂ρππ∂µπ∇ν∂λπ + 3∂ρπ∂ρππ∂λπ∇ν∂µπ
+3∂ρπ∂
ρπ∇σ∂λπ∇µ∂σπ∂νπ + 3∂ρπ∂ρπ∇σ∂λπ∇ν∂σπ∂µπ − 3∂ρπ∂ρπ∇σ∂µπ∇ν∂σπ∂λπ
−3
2
∂λπ∂µπ∂νπ(π)2 +
3
2
∂λπ∂µπ∂νπ∇ρ∂σπ∇σ∂ρπ + 3∂ρπ∂σπ∇ρ∂σπ∇µ∂λπ∂νπ
+3∂ρπ∂σπ∇ρ∂σπ∇ν∂λπ∂µπ − 3∂ρπ∂σπ∇ρ∂σπ∇ν∂µπ∂λπ − 6∂ρπ∂µπ∇σ∂ρπ∂νπ∇λ∂σπ
+6∂µπ∂ρπ∂νπ∇ρ∂λππ − 3∂ρπ∂σπ∇µ∂ρπ∇σ∂λπ∂νπ − 3∂ρπ∂σπ∇ν∂ρπ∇σ∂λπ∂µπ
+3∂ρπ∂σπ∇ν∂ρπ∇σ∂µπ∂λπ
)}
−1
8
G5(π,X)L7 (−2∂µπ∂νππR + 4∂µπ∂νπ∇ρ∂σπRρσ + 4∂ρπ∂ρπ∇µ∂σπRνσ
+4∂ρπ∂
ρπ∇ν∂σπRµσ + 2∂µπ∂ρπ∇ν∂ρπR+ 2∂νπ∂ρπ∇µ∂ρπR − 4∂µπ∂ρπ∇ν∂σπRρσ
−4∂νπ∂ρπ∇µ∂σπRρσ − 4∂ρπ∂µπ∇ρ∂σπRνσ − 4∂ρπ∂νπ∇ρ∂σπRµσ − 4∂ρπ∂σπ∇ρ∂µπRσν
−4∂ρπ∂σπ∇ρ∂νπRσµ + 4∂µπ∂ρππRνρ + 4∂νπ∂ρππRµρ − 3∂µπ∂ρπ∇σ∂τR τνσρ − 3∂νπ∂ρπ∇σ∂τR τµσρ
8−3∂ρπ∂τπ∇σ∂µπR ν στ ρ − 3∂ρπ∂τπ∇σ∂νπR µ στ ρ − 2∂ρπ∂ρππRµν + 2∂ρπ∂σπ∇ρ∂σπRµν
)
+
1
2
(−gµνπ + ∂νπ∂µ + ∂µπ∂ν − gµν∂τπ∂τ )
{
−1
8
G5(π,X)L7(2∂ρπ∂ρπR− 4∂ρπ∂σπRρσ)
}
+∇λ
{
− 1
8
G5(π,X)L7
(−2∂ρπ∂ρπ∂νπRλµ − 2∂ρπ∂ρπ∂µπRλν + 2∂ρπ∂ρπ∂λπRµν
−∂λπ∂µπ∂νπR+ 4∂µπ∂ρπ∂νπRρλ + 2∂ρπ∂σπ∂νπR µ λσ ρ + 2∂ρπ∂σπ∂µπR ν λσ ρ − 2∂ρπ∂σπ∂λπR ν µσ ρ
)}
+
(∇ν∇µ − gµν∇2){−1
8
G5(π,X)L7(2∂ρπ∂ρππ − 2∂ρπ∂σπ∇ρ∂σπ)
}
+
1
2
∇σ∇ν
{
− 1
8
G5(π,X)L7 (−8∂ρπ∂ρπ∇σ∂µπ + 8∂ρπ∂σπ∇ρ∂µπ + 8∂ρπ∂µπ∇ρ∂σπ
−8∂σπ∂µππ)}+ 1
2
∇σ∇µ
{
−1
8
G5(π,X)L7 (−8∂ρπ∂ρπ∇σ∂νπ + 8∂ρπ∂σπ∇ρ∂νπ
+8∂ρπ∂νπ∇ρ∂σπ − 8∂σπ∂νππ)} − 1
2
∇2
{
−1
8
G5(π,X)L7 (−4∂ρπ∂ρπ∇µ∂νπ
+4∂ρπ∂µπ∇ρ∂νπ + 4∂ρπ∂νπ∇ρ∂µπ − 4∂µπ∂νππ)} − 1
2
gµν∇τ∇σ
{
−1
8
G5(π,X)L7
(−4∂ρπ∂ρπ∇σ∂τπ + 8∂ρπ∂σπ∇ρ∂τπ − 4∂σπ∂τππ)}
+2∇ρ∇σ
{
− 1
8
G5(π,X)L7 1
2
(
∂σπ∂νπ∇µ∂ρπ + ∂σπ∂µπ∇ν∂ρπ
−2∂σπ∂ρπ∇µ∂νπ − 2∂µπ∂νπ∇σ∂ρπ + ∂µπ∂ρπ∇σ∂νπ + ∂νπ∂ρπ∇σ∂µπ)} (32)
(H6)µν = 1
2
gµνG6(π)
−4G6(π)
{
− (Rµρ∂νπ∂ρπ +Rνρ∂µπ∂ρπ) + 1
2
R∂µπ∂νπ
}
−4∇ρ∇ν (G6(π)∂ρπ∂µπ) + 2 (G6(π)∂µπ∂νπ) + 2∇ρ∇σ (G6(π)gµν∂ρπ∂σπ)
−2G6(π)Rµν∂ρπ∂ρπ + 2∇µ∇ν (G6(π)∂ρπ∂ρπ)− 2 (G6(π)gµν∂ρπ∂ρπ) , (33)
(H7)µν = 1
2
gµνG7(π)
+G7(π)L7 (−2∂µπ∂νππR+ 4∂µπ∂νπ∇ρ∂σπRρσ + 4∂ρπ∂ρπ∇µ∂σπRνσ
+4∂ρπ∂
ρπ∇ν∂σπRµσ + 2∂µπ∂ρπ∇ν∂ρπR+ 2∂νπ∂ρπ∇µ∂ρπR − 4∂µπ∂ρπ∇ν∂σπRρσ
−4∂νπ∂ρπ∇µ∂σπRρσ − 4∂ρπ∂µπ∇ρ∂σπRνσ − 4∂ρπ∂νπ∇ρ∂σπRµσ − 4∂ρπ∂σπ∇ρ∂µπRσν
−4∂ρπ∂σπ∇ρ∂νπRσµ + 4∂µπ∂ρππRνρ + 4∂νπ∂ρππRµρ − 3∂µπ∂ρπ∇σ∂τR τνσρ − 3∂νπ∂ρπ∇σ∂τR τµσρ
−3∂ρπ∂τπ∇σ∂µπR ν στ ρ − 3∂ρπ∂τπ∇σ∂νπR µ στ ρ − 2∂ρπ∂ρππRµν + 2∂ρπ∂σπ∇ρ∂σπRµν
)
+
1
2
(−gµνπ + ∂νπ∂µ + ∂µπ∂ν − gµν∂τπ∂τ ) {G7(π)L7(2∂ρπ∂ρπR− 4∂ρπ∂σπRρσ)}
+∇λ
{
G7(π)L7
(−2∂ρπ∂ρπ∂νπRλµ − 2∂ρπ∂ρπ∂µπRλν + 2∂ρπ∂ρπ∂λπRµν
−∂λπ∂µπ∂νπR+ 4∂µπ∂ρπ∂νπRρλ + 2∂ρπ∂σπ∂νπR µ λσ ρ + 2∂ρπ∂σπ∂µπR ν λσ ρ − 2∂ρπ∂σπ∂λπR ν µσ ρ
)}
+
(∇ν∇µ − gµν∇2) {G7(π)L7(2∂ρπ∂ρππ − 2∂ρπ∂σπ∇ρ∂σπ)}
+
1
2
∇σ∇ν
{
G7(π)L7 (−8∂ρπ∂ρπ∇σ∂µπ + 8∂ρπ∂σπ∇ρ∂µπ + 8∂ρπ∂µπ∇ρ∂σπ
−8∂σπ∂µππ)}+ 1
2
∇σ∇µ {G7(π)L7 (−8∂ρπ∂ρπ∇σ∂νπ + 8∂ρπ∂σπ∇ρ∂νπ
+8∂ρπ∂νπ∇ρ∂σπ − 8∂σπ∂νππ)} − 1
2
∇2 {G7(π)L7 (−4∂ρπ∂ρπ∇µ∂νπ
+4∂ρπ∂µπ∇ρ∂νπ + 4∂ρπ∂νπ∇ρ∂µπ − 4∂µπ∂νππ)} − 1
2
gµν∇τ∇σ {G7(π)L7
9(−4∂ρπ∂ρπ∇σ∂τπ + 8∂ρπ∂σπ∇ρ∂τπ − 4∂σπ∂τππ)}
+2∇ρ∇σ
{
G7(π)L7 1
2
(
∂σπ∂νπ∇µ∂ρπ + ∂σπ∂µπ∇ν∂ρπ
−2∂σπ∂ρπ∇µ∂νπ − 2∂µπ∂νπ∇σ∂ρπ + ∂µπ∂ρπ∇σ∂νπ + ∂νπ∂ρπ∇σ∂µπ)} , (34)
(H8)µν = 8 (∇µ∇νG8(π))R− 8gµν
(∇2G8(π))R− 16 (∇ρ∇µG8(π))Rνρ − 16 (∇ρ∇νG8(π))Rµρ
+16
(∇2G8(π))Rµν + 16gµν (∇ρ∇σG8(π))Rρσ − 16 (∇ρ∇σG8(π))Rµρνσ . (35)
Thus, we have given the explicit expressions of the field equations and the equations corresponding to the Einstein
equation for the generalized Galileon scalar models.
III. FRW DYNAMICS
In this section, we give formulae for the cosmological reconstruction by considering the FRW dynamics and we
investigate the stability of the reconstructed solution. Usually, we start from a theory, which is defined by the action,
and solve equations of motion to define the background dynamics. The reconstruction is the inverse problem, i.e.,
when an arbitrary development of the expansion of the universe is given, we construct the explicit form of the action
which reproduces the development. For the reconstructed action, the solution describing the development of the
expansion history is not always stable. In this section, we show the conditions so that the solution can become stable
or attractor.
We now take the FRW universe with the flat spatial part,
ds2 = −dt2 + a(t)2
∑
i=1,2,3
(
dxi
)2
, (36)
and we assume π depends on only time variable.
Let us denote the energy density and pressure of the matters by ρ and p. Then the first FRW equation is given by
− 3
2κ2
H2 +
8∑
k=2
(Hk)00 = −ρ
2
. (37)
We also write (Hk)ij as (Hk)ij = Hka2δij . Accordingly, the second FRW equation is given by
1
2κ2
(
3H2 + 2H˙
)
+
8∑
k=2
Hk = −p
2
. (38)
If ρ and p are given by the sums of the contribution of the matters with a constant EoS parameter wl, we find
ρ =
∑
l
ρla
−3(1+wl) , p =
∑
l
wlρla
−3(1+wl) . (39)
Here ρl’s are constants.
We now demonstrate the reconstruction of the expansion history of the universe. That is, for arbitrary development
of the Hubble rate H(t) or scale factor a(t), we determine the functions G2(π,X), G3(π,X), G4(π,X), G5(π,X),
G6(π), G7(π), and G8(π), which gives the development. Since the redefinition of the scalar field π can be absorbed
into the redefinition of Gi (i = 2, 3, · · · , 8), we may choose
π = t . (40)
Then we find
X = −1 , G˙i(π,X) = ∂Gi(π,X)
∂π
∣∣∣∣
pi=t,X=−1
, etc. (41)
We also write Gi(π,X) (i = 2, 3, 4, 5) as follows,
Gi(π,X) =
∞∑
n=0
G
(n)
i (π) (1 +X)
n
. (42)
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In addition, we suppose the scale factor a(t) can be given by an appropriate function g(t) as a(t) = eg(t), which gives
H(t) = g˙(t). Thus the first FRW equation (37) has the following form:
− 3
2κ2
H2 − 1
2
G
(0)
2 (t)−G(1)2 (t) +
{
3G
(1)
3 (t)−
9
2
G
(0)
3 (t)
}
g˙(t) +
{
−6G(1)4 (t)− 6G(2)4 (t) +
9
4
G
(0)
4 (t)
}
g˙(t)
2
+
{
−5G(1)5 (t) + 2G(2)5 (t) +
15
4
G
(0)
5 (t)
}
g˙(t)
3 − 18G6(t)g˙(t)2 − 30G7(t)g˙(t)3 + 48G˙8(t)g˙(t)3
= −1
2
∑
l
ρle
−3(1+wl)g(t) . (43)
On the other hand, the second FRW equation (38) has the following form:
1
2κ2
(
3H2 + 2H˙
)
+
1
2
G
(0)
2 (t) +
1
2
G˙
(0)
3 (t)
−3
2
G
(1)
4 (t)g˙(t)
2 − G˙(1)4 (t)g˙(t)−G(1)4 (t)g¨(t) +
3
4
G
(0)
4 (t)g˙(t)
2 +
1
2
G˙
(0)
4 (t)g˙(t) +
1
2
G
(0)
4 (t)g¨(t)
+G
(1)
5 (t)g˙(t)
3 +
1
2
G˙
(1)
5 (t)g˙(t)
2 +G
(1)
5 (t)g˙(t)g¨(t)−
3
2
G
(0)
5 (t)g˙(t)
3 − 3
4
G˙
(0)
5 (t)g˙(t)
2 − 3
2
G
(0)
5 (t)g˙(t)g¨(t)
−6G6(t)g˙(t)2 − 4G˙6(t)g˙(t)− 4G6(t)g¨(t) + 12G7(t)g˙(t)3 + 6G˙7(t)g˙(t)2 + 12G7(t)g˙(t)g¨(t)
−32G˙8(t)g˙(t)3 − 16G¨8(t)g˙(t)2 − 32G˙8(t)g˙(t)g¨(t) = −1
2
∑
l
wlρle
−3(1+wl)g(t) . (44)
Then if we choose G
(0)
2 (t), G
(1)
2 (t), G
(0)
3 (t), G
(1)
3 (t), G
(0)
4 (t), G
(1)
4 (t), G
(2)
4 (t), G
(0)
5 (t), G
(1)
5 (t), G
(2)
5 (t), G6(t), G7(t),
and G8(t) so that the FRW equations (43) and (44) can be satisfied, we have the following solution
H(t) = g˙(t) , π = t . (45)
We should note that G
(i)
2 (t) (i = 2, 3, · · · ), G(i)3 (t) (i = 2, 3, · · · ), G(i)4 (t) (i = 3, 4, · · · ), and G(i)5 (t) (i = 3, 4, · · · ) are
irrelevant for the expansion of the universe. Then we can completely and explicitly separate Gn to the parts relevant
for the expansion and the irrelevant parts. We should note, however, that some of the irrelevant are related with the
stability of the reconstructed solution as we see in the following.
Just for the simplicity, we neglect G4 (π,X), G5 (π,X), G6 (π), G7 (t), and G8 (t) in the rest of this section and
consider the examples of the reconstruction and the (in)stability. Then, we acquire
3
κ2
H2 =
1
κ2
g′′ (π) (1 +X) +
3
κ2
g′2 (π)− G˙(0)3 (π)
+ (X − 1)
{
−1
2
G˙
(0)
3 (π) + 3G
(1)
3 (π) g
′ (π) − 9
2
G
(0)
3 (π) g
′ (π)
}
−
∑
n=2
G
(n)
2 (π) (1 +X)
n − 2
∑
n=2
G
(n)
2 (π)n (1 +X)
n−1
π˙2 + 6
∂G3 (π,X)
∂X
Hπ˙5
−9G3 (π,X)Hπ˙3 , (46)
− 1
κ2
(
3H2 + 2H˙
)
=
1
κ2
g′′ (π) (−1 +X)− 3
κ2
g′2 (π) + G˙
(0)
3 (π)
+ (X + 1)
{
−1
2
G˙
(0)
3 (π) + 3G
(1)
3 (π) g
′ (π) − 9
2
G
(0)
3 (π) g
′ (π)
}
+
∑
n=2
G
(n)
2 (π) (1 +X)
n − G˙3 (π,X) π˙3 − 3G3 (π,X) π˙2π¨ . (47)
By combining the equation of motion for π with (47), we obtain
π¨ = A−1
[
−18
∞∑
n=0
G
(n)
3 (π)n(1 +X)
n−1H2π˙4 − 6
∞∑
n=0
G
′(n)
3 (π)n(1 +X)
n−1Hπ˙5
+
(
−6
∞∑
n=0
G
(n)
3 n(1 +X)
n−1π˙4 + 9
∞∑
n=0
G
(n)
3 (1 +X)
nπ˙2
)
11
×
{
−1
2
g′′(−1 +X) + 3
2
g′2 − 1
2
κ2G
′(0)
3 (π)−
κ2
2
(X + 1)
(
−1
2
G
′(0)
3 (π) + 3G
(1)
3 g
′(π)− 9
2
G
(0)
3 g
′(π)
)
−κ
2
2
∞∑
n=2
G
(n)
2 (1 +X)
n +
κ2
2
∞∑
n=0
G
′(n)
3 (1 +X)
nπ˙4 − 3
2
H2
}
+27
∞∑
n=0
G
(n)
3 (1 +X)
nH2π˙2 + 9
∞∑
n=0
G
′(n)
3 (1 +X)
nHπ˙3 − 3
∞∑
n=0
G
′(n)
3 (1 +X)
nHπ˙3
−6
{
1
κ2
g′′(π) − 1
2
G
′(0)
3 (π) + 3G
(1)
3 (π)g
′(π)− 9
2
G
(0)
3 (π)g
′(π) +
∞∑
n=2
G
(n)
2 (π)n(1 +X)
n−1
}
Hπ˙
−2
{
1
κ2
g′′′(π)− 1
2
G
′′(0)
3 (π) + 3G
′(1)
3 (π)g
′(π) + 3G
(1)
3 (π)g
′′(π)− 9
2
G
′(0)
3 (π)g
′(π)− 9
2
G
(0)
3 (π)g
′′(π)
+
∞∑
n=2
G
′(n)
2 n(1 +X)
n
}
−
{
− 6
κ2
g′(π)g′′(π) − 2
κ2
g′′′(π) +
(
1
κ2
g′′′(π)− 1
2
G
′′(0)
3 + 3G
(1)
3 (π)g
′(π) + 3G
(1)
3 (π)g
′′(π)
−9
2
G
(0)
3 (π)g
′′(π)
)
(1 +X) +G
′′(0)
3 +
∞∑
n=2
G
′(n)
2 (1 +X)
n
}]
, (48)
H˙ = −1
2
g′′(π)(−1 +X) + 3
2
g′2(π)− 1
2
κ2G
′(0)
3 (π)
−κ
2
2
(X + 1)
(
−1
2
G
′(0)
3 (π) + 3G
(1)
3 (π)g
′(π) − 9
2
G
(0)
3 (π)g
′(π)
)
−κ
2
2
∞∑
n=2
G
(n)
2 (1 +X)
n +
κ2
2
∞∑
n=0
G
′(n)
3 (π)(1 +X)
nπ˙4 − κ2
∞∑
n=0
G
(n)
3 (π)n(1 +X)
n−1π˙4π¨
+
3
2
κ2
∞∑
n=0
G
(n)
3 (π)(1 +X)
nπ˙2π¨ − 3
2
H2 . (49)
We can eliminate π¨ by substituting (48) into (49). Here
A ≡
(
κ2
∞∑
n=0
G
(n)
3 (π)n(1 +X)
n−1π˙4 − 3
2
κ2
∞∑
n=0
G
(n)
3 (π)(1 +X)
nπ˙2
)
×
(
−6
∞∑
n=0
G
(n)
3 (π)n(1 +X)
n−1π˙4 + 9
∞∑
n=0
G
(n)
3 (π)(1 +X)
nπ˙2
)
+42
∞∑
n=0
G
(n)
3 (π)n(1 +X)
n−1Hπ˙3 − 18
∞∑
n=0
G
(n)
3 (π)(1 +X)
nHπ˙
−12
∞∑
n=0
G
(n)
3 (π)n(n − 1)(1 +X)n−2Hπ˙5 +
2
κ2
g′′(π) −G′(0)3 (π) + 6G(1)3 (π)g′(π)− 9G(0)3 (π)g′(π)
+2
∞∑
n=2
G
(n)
2 (π)n(1 +X)
n−1 − 4
∞∑
n=2
G
(n)
2 (π)n(n− 1)(1 +X)n−2 , (50)
We now define variables x and y by x ≡ π˙ and y ≡ g′ (π) /H . Then for the reconstructed solution (45), we find x = 1
and y = 1. Since
dx
dN
=
π¨y
g′ (π)
,
dy
dN
=
g′′ (π)
g′2 (π)
y2x− y
3
g′2 (π)
H˙ ,
dπ
dN
=
yx
g′ (π)
, (51)
we can examine the perturbation from the reconstructed solution x = y = 1 and π = t as x = 1+ δx, y = 1+ δy, and
12
π = t+ δπ by using x and y. Eqs. (48) and (49) as follows:
d
dN

δxδy
δπ

 = M

δxδy
δπ

 , M ≡

M11 M12 M13M21 M22 M23
M31 M32 M33

 . (52)
Here
M11 = A
−1
0 g
′−1(t)
[
72G
(2)
3 (t)g
′2(t)− 72G(1)3 (t)g′2(t) + 24G˙(2)3 (t)g′(t)− 30G˙(1)3 (t)g′(t)
+
(
g′′(t) + 3g′2(t)− κ2G˙(0)3 (t)
)(
24G
(2)
3 (t)− 42G(1)3 (t) + 18G(0)3 (t)
)
+
(
−6G(1)3 (t) + 9G(0)3 (t)
){
g′′(t) + κ2
(
3
2
G˙
(0)
3 (t) + 3G
(1)
3 (t)g
′(t)− 9
2
G
(0)
3 (t)g
′(t)− G˙(1)3
)}
+54G
(1)
3 (t)g
′2(t) + 54G
(0)
3 (t)g
′2(t)− 12G˙(1)3 (t)g′(t) + 18G˙(0)3 (t)g′(t) + 24G(2)2 (t)g′(t)
−6
(
1
κ2
g′(t)g′′(t)− 1
2
G˙
(0)
3 (t)g
′(t) + 3G
(1)
3 (t)g
′2(t)− 9
2
G
(0)
3 (t)g
′2(t)
)
+ 8G˙
(2)
2
+2
(
1
κ2
g′′′(t)− 1
2
G¨
(0)
3 (t) + 3G˙
(1)
3 (t)g
′(t) + 3G
(1)
3 (t)g
′′(t)− 9
2
G˙
(0)
3 (t)g
′(t)− 9
2
G
(0)
3 (t)g
′′(t)
)]
, (53)
M12 = A
−1
0 g
′−1(t)
[
36G
(1)
3 (t)g
′2(t) + 6G˙
(1)
3 (t)g
′(t) + 3
(
−6G(1)3 (t) + 9G(0)3 (t)
)
g′2(t)− 54G(0)3 (t)g′2(t)
−9G˙(0)3 (t)g′(t) + 3G˙(0)3 (t)g′(t) + 6g′(t)
(
1
κ2
g′′(t)− 1
2
G˙
(0)
3 (t) + 3G
(1)
3 (t)g
′(t)− 9
2
G
(0)
3 (t)g
′(t)
)]
, (54)
M13 = A
−1
0 g
′−1(t)
[
−18G˙(1)3 (t)g′2(t) − 36G(1)3 (t)g′(t)g′′(t)− 6G¨(1)3 (t)g′(t)− 6G(1)3 (t)g′′(t)(
g′′(t) +
3
2
g′2(t)− κ2G˙(0)3 +
3
2
g′2(t)
)(
−6G˙(1)3 (t) + 9G˙(0)3
)
+
(
−6G(1)3 (t) + 9G(0)3 (t)
)
g′′′(t)
+27G˙
(0)
3 (t)g
′2(t) + 54G
(0)
3 (t)g
′(t)g′′(t) + 6G¨
(0)
3 (t)g
′(t) + 6G˙
(0)
3 (t)g
′′(t)
−6g′(t)
(
1
κ2
g′′′(t)− 1
2
G¨
(0)
3 (t) + 3G˙
(1)
3 (t)g
′(t) + 3G
(1)
3 (t)g
′′(t)− 9
2
G˙
(0)
3 (t)g
′(t)− 9
2
G
(0)
3 (t)g
′′(t)
)
−6g′′(t)
(
1
κ2
g′′(t)− 1
2
G˙
(0)
3 (t) + 3G
(1)
3 (t)g
′(t)− 9
2
G
(0)
3 (t)g
′(t)
)
−2
(
1
κ2
g′′′′(t)− 1
2
...
G
(0)
3 (t) + 3G¨
(1)
3 (t)g
′(t) + 6G˙
(1)
3 (t)g
′′(t) + 3G
(1)
3 (t)g
′′′(t)− 9
2
G¨
(0)
3 (t)g
′(t)− 9G˙(0)3 (t)g′′(t)
)
+
6
κ2
g′′2(t) +
6
κ2
g′(t)g′′′(t)− ...G(0)3
]
, (55)
M21 =
g′′(t)
g′2(t)
− g′−2(t)
{
g′′(t) + κ2
(
3
2
G˙
(0)
3 (t) + 3G
(1)
3 (t)g
′(t)− 9
2
G
(0)
3 (t)g
′(t)− G˙(1)3 (t)
)}
−g′−1(t)
(
−κ2G(1)3 (t) +
3
2
κ2G
(0)
3 (t)
)
M11 , (56)
M22 = −g′−2(t)g′′(t)− 3− g′−1(t)
(
−κ2G(1)3 (t) +
3
2
κ2G
(0)
3 (t)
)
M12 , (57)
M23 = −g′(t)−1
(
−κ2G(1)3 (t) +
3
2
κ2G
(0)
3 (t)
)
M13 + 3g
′−1(t)g′′(t)− g′−2(t)g′′′(t) , (58)
where
A0 = −κ
2
6
(
6G
(1)
3 (t)− 9G(0)3 (t)
)2
+ 42G
(1)
3 (t)g
′(t)− 27G(0)3 (t)g′(t)− 24G(2)3 (t)g′(t) +
2
κ2
g′′(t)− G˙(0)3 (t)
+6G
(1)
3 (t)g
′(t)− 8G(2)2 (t) , (59)
and
M31 = g
′−1 (t) , M32 = g
′−1 (t) , M33 = −g′−2 (t) g′′ (t) . (60)
13
The eigenvalue equation for the matrix M in (52) has the following form:
λ3 + αλ2 + βλ+ γ = 0 , (61)
where
α = −M11 −M22 + g′−2 (t) g′′ (t) , (62)
β = −(M11 +M22)g′−2(t)g′′(t)− (M23 +M13)g′−1(t) +M11M22 −M12M21 , (63)
γ = (M11M22 −M12M21)g′−2(t)g′′(t) + (M11M23 −M13M21 −M12M23 +M13M22)g′−1(t) . (64)
When all the eigenvalues λ are negative, the reconstructed solution becomes stable. The Hurwitz theorem tells the
condition that all the eigenvalues are negative is given by
(i) α > 0 , (ii) αβ > γ , (iii) αβγ > γ2 . (65)
For the simplicity, we further put G
(0)
3 (t) = G
(1)
3 (t) = 0. Thus we find
M11 = A
−1
0 g
′−1(t)
{
72G
(2)
3 (t)g
′2(t) + 24G˙
(2)
3 (t)g
′(t) + 24G
(2)
3
(
g′′(t) + 3g′2(t)
)
+ 24G
(2)
2 (t)g
′(t)
− 6
κ2
g′(t)g′′(t) + 8G˙
(2)
2 +
2
κ2
g′′′(t)
}
,
M12 = 6A
−1
0
1
κ2
g′′(t) ,
M13 = −2A−10 g′−1(t)
1
κ2
g′′′′(t) ,
M21 = 0 , M22 = −g′−2 (t) g′′ (t)− 3 , M23 = 3g′−1(t)g′′(t)− g′−2(t)g′′′(t) ,
M31 = M32 = g
′−1 (t) , M33 = −g′−2 (t) g′′ (t) . (66)
Here A0 has the following form:
A0 = −24G(2)3 (t)g′(t) +
2
κ2
g′′(t)− 8G(2)2 . (67)
The eigenvalue equation becomes
(M22 − λ)
{
λ2 − (M11 +M33)λ+M11M33 −M13M31
}
= 0 . (68)
Therefore we obtain
λ = M22 ,
1
2
[
M11 +M33 ±
√
(M11 +M33)
2 − 4 (M11M33 −M13M31)
]
. (69)
Consequently, the condition of the stability is given by
(i) M22 < 0 , (ii) M11 +M33 < 0 , (iii) M11M33 −M13M31 > 0 . (70)
From the first condition (i) in (70), we find
0 > −g′−2 (t) g′′ (t)− 3 , (71)
and from the second condition (ii),
0 > A−10
{
−g′−2(t)g′′(t)A0 + 144G(2)3 (t)g′(t) + 24G˙(2)3 (t) + 24G(2)3 (t)g′−1(t)g′′(t)
+24G
(2)
2 (t)−
6
κ2
g′′(t) + 8G˙
(2)
2 (t)g
′−1(t) +
2
κ2
g′′′(t)g′−1(t)
}
. (72)
The third condition (iii) in (70) presents
0 < A−10 g
′−1(t)
[
−g′−2(t)g′′(t)
{
72G
(2)
3 (t)g
′2(t) + 24G˙
(2)
3 (t)g
′(t) + 24G
(2)
3 (g
′′(t) + 3g′2(t))
14
+24G
(2)
2 (t)g
′(t)− 6
κ2
g′(t)g′′(t) + 8G˙
(2)
2 (t) +
2
κ2
g′′′(t)
}
+ 2g′−1(t)
1
κ2
g′′′′(t)
]
. (73)
Before going to non-trivial case, in order to check the above formulation could work, we consider the de Sitter
space-time, where g′ (t) is constant. Then we find
M =

 M11 0 00 −3 0
g′−1 (t) g′−1 (t) 0

 , M11 = 144G(2)3 (t)g′2(t) + 24G˙(2)3 (t)g′(t) + 24G(2)2 (t)g′(t) + 8G˙(2)2−24G(2)3 (t)g′2(t) + 2κ2 g′(t)g′′(t)− 8G(2)2 (t)g′(t) . (74)
Then by solving the eigenvalue equation (68), we find the eigenvalues:
λ = −3 , 0 , 144G
(2)
3 (t)g
′2(t) + 24G˙
(2)
3 (t)g
′(t) + 24G
(2)
2 (t)g
′(t) + 8G˙
(2)
2
−24G(2)3 (t)g′2(t) + 2κ2 g′(t)g′′(t)− 8G
(2)
2 (t)g
′(t)
. (75)
Note that the eigenvector corresponding to the eigenvalue 0 is given by
 δxδy
δπ

 = s

 00
1

 , (76)
which tells that the eigenvector with the eigenvalue 0 corresponds to the shift of π or the origin of time and therefore
the eigenvalue 0 does not corresponds to any instability. Especially if we consider the case that G
(2)
3 (t) = 0, the
condition that the last eigenvalue in (75) is given by
− G˙
(2)
2 (t) g
′−1 (t)
G
(2)
2 (t)
− 3 < 0 , (77)
can be satisfied if
G
(2)
2 (t) = D exp (−f(t)) , (78)
where D is a constant and f(t) is an arbitrary function satisfying the condition 0 < f ′(t) < 3g′ (t). We should also
note that Eq. (78) can be satisfied if G
(2)
2 (t) is a constant.
As a little bit non-trivial example, we study the case that g′ (t) is a solution of the ΛCDM model:
a (t) = A sinh
2
3 (bt) , (79)
where A and b are positive constants. Eq. (79) gives
g′ (t) =
2
3
b coth (bt) , g′′ (t) = − 2b
2
3 sinh2 (bt)
. (80)
Then the first condition (i) in (70) gives
0 >
3
2 cosh2 (bt)
− 3 , (81)
which is trivially satisfied, and the second condition (ii) presents
0 > A−10
{
24G˙
(2)
3 −
48b
cosh(bt) sinh(bt)
G
(2)
3 +
(
24− 12
cosh2(bt)
)
G
(2)
2 (t)
+
12
b
tanh(bt)G˙
(2)
2 +
b2
κ2
(
8
sinh2(bt)
− 2
cosh2(bt) sinh2(bt)
)}
. (82)
Here
A0 = −16G(2)3 b coth(bt)−
4b2
3κ2
1
sinh2(bt)
− 8G(2)2 . (83)
15
By using the third condition (iii) in (70), we find
0 < A−10
{
64b2 coth2(bt)G
(2)
3 + 16b coth(bt)G˙
(2)
3 −
16b2
sinh2(bt)
G
(2)
3 + 16b coth(bt)G
(2)
2
+8G˙
(2)
2 −
b3
κ2
(
16
3
coth(bt) +
8 cosh(bt)
3 sinh3(bt)
)}
. (84)
Although the above expressions (82) and (83) are very complicated, these conditions can be satisfied. The simplest
example is given by
G
(2)
2 (t) = C , G
(2)
3 (t) = 0 . (85)
Here C is a constant. By substituting (85) into (82), (83), and (84), we find
A0 = − 4b
2
3κ2
1
sinh2(bt)
− 8C , (86)
0 > A−10
{(
24− 12
cosh2(bt)
)
C +
b2
κ2
(
8
sinh2(bt)
− 2
cosh2(bt) sinh2(bt)
)}
, (87)
0 < A−10
{
16b
(
C − b
2
3κ2
)
coth(bt)− 8b
3 cosh(bt)
3κ2 sinh3(bt)
}
. (88)
If C > 0, we find A0 < 0 in (86) and the inequality (87) is satisfied. The inequality (88) is also satisfied if
0 < C <
b2
3κ2
. (89)
Then stability can be realized. Note that even for the de Sitter space-time, if G
(2)
2 (t) and G
(2)
3 (t) are given by (85),
the stability is realized as discussed after (78).
As a result, in this section, by exploring the FRW dynamics, we have given the explicit formulae for the reconstruc-
tion and we have investigated the condition of the stability for the reconstructed solution.
IV. VAINSHTEIN MECHANISM
In this section, in order to investigate if the Vainshtein mechanism could work, we consider the behavior of the
Galileon scalar field π in the spherically symmetric space-time, especially in the Schwarzschild background.
The Schwarzschild space-time has a spherically symmetric and static metric. The general spherically symmetric
and static space-time has the metric of the following form:
ds2 = −e2Φdt2 + e2Λdr2 + r2(dθ2 + sin2 θdφ2) , (90)
where Φ and Λ only depend on the radial coordinate r. In the Schwarzschild background, the equation derived by
the variation of the Galileon scalar field π is given by
1√−g
δ
√−gG2(π,X)
δπ
+
1√−g
δ
√−gG3(π,X)L3
δπ
+
1√−g
δ
√−g ∂G4(pi,X)
∂X
L(0)4
δπ
− 1
8
1√−g
δ√−gG4(π,X)L6 δπ
+
1√−g
δ
√−g ∂G5(pi,X)
∂X
L(0)5
δπ
+
1√−g
δ
√−gG5(π,X)L7
δπ
+
1√−g
δ
√−gG6(π)L6
δπ
+
1√−g
δ
√−gG7(π)L7
δπ
+
1√−g
δ
√−gG8(π)L8
δπ
= 0 , (91)
where we have used the notation
δA
δπ
≡ ∂A
∂π
− ∂µ ∂A
∂(∂µπ)
. The explicit forms of Ek and also (Hk)µν are given in
Appendix B.
We also note that the Einstein tensor is given by
Gtt =
1
r2
e2Φ
d
dr
[
r(1 − e−2Λ)] ,
16
Grr = − 1
r2
e2Λ(1 − e−2Λ) + 2
r
dΦ
dr
,
Gθθ = r
2e−2Λ
[
d2Φ
dr2
+
(
dΦ
dr
)2
+
1
r
dΦ
dr
− dΦ
dr
dΛ
dr
− 1
r
dΛ
dr
]
,
Gφφ = sin
2 θGθθ . (92)
The Einstein equation (28) tells that in order that the modification of the Schwarzschild geometry due to the Galileon
scalar could be small, we find
8∑
i=2
(Hi)µν ∼ 0 . (93)
We now investigate how the Vainshtein mechanism works for the generalized Galileon scalar model. In the limit of
r ≫ GM , the Schwarzschild metric
ds2 = −
(
1− 2GM
r
)
dr2 +
dr2
1− 2GM
r
+ r2(dθ2 + sin2 θdφ2) , (94)
for general spherically symmetric and static space-time in (90) behaves as
Φ(r) ≃ −GM
r
, Λ(r) ≃ GM
r
. (95)
If the Vainshtein mechanism works, the gravity with the Galileon scalar behaves as the usual Einstein gravity in the
short distance compared with the cosmological scale and Φ(r) and Λ(r) in (90) behaves as those in (95).
Before examining the Vainshtein mechanism in the covariant and generalized Galileon model, we review how the
Vainshtein mechanism works when we only include L4 in (3). In this case the energy momentum tensors of the
Galileon scalar behave as
T pi00 = 8c4
(π′)3π′′
r
+ c4
(π′)4
r2
+ · · · , T pi11 = −5c4
(π′)4
r2
+ · · · . (96)
If we write c4 = c˜4
M2
Pl
H4
0
, we find c˜4 ∼ O(1).
We now study the generalized Galileon model in (18) but just for the simplicity, we only include L2 and L3:
Lpi = −1
2
c2X +G3(π,X)L3 . (97)
We may assume the first term in (97) dominates in the short distance but the second term does in the long distance.
Since the field equation has a form like
π′′(r) = f(π(r), π′(r))
π′(r)
r
, (98)
when r ≪ rV , we find
π′(r) = π′(rV ) exp
(∫ r
rV
f(π(r′), π′(r′))
r′
dr′
)
= π′(rV )
eF (r)
eF (rV )
, (99)
where
F (r) ≡
∫ r f(π(r′), π′(r′))
r′
dr . (100)
If we provide π′(rV ) ∼ Φ′N (rV ), π′(r) becomes small when we choose f(π(r), π′(r)) so that we can have F (r)≪ F (rV ).
If π′(r) ≪ π′(rV ) as required so that the Vainshtein mechanism could work, we may find π(r) ≪ π(rV ). Then if
we can choose G3(π,X) so that f(π(r), π
′(r)) > 0 when π′(r) < π′(rV ) and π(r) < π(rV ), we may surely obtain
π′(r)≪ π′(rV ), consistently. We now have
f(π(r), π′(r)) =
−2r2 − 2∂G3
∂pi
(π′)2r2 − 3G3π′r − 2∂G3∂X (π′)3r − 2 ∂
2G3
∂pi∂X
(π′)4r2
r2 + 6G3π′r + 14
∂G3
∂X
(π′)3r + 4∂
2G3
∂X2
(π′)5r
. (101)
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It is easy to find that there exists G3(π,X) which satisfies the condition that f(π(r), π
′(r)) > 0 when π′(r) < π′(rV )
and π(r) < π(rV ) but G3(π,X) cannot be uniquely determined.
Finally we show that any spherically symmetric and static geometry given by arbitrary Φ(r) and Λ(r) can be
realized by properly choosing Gi’s. Since the redefinition of the scalar field can be absorbed into the redefinition of
Gi’s, here we may identify the Galileon scalar field with the radial coordinate, π = r. Then we find
0 =
1
2κ2r2
e2Φ
d
dr
[
r(1 − e−2Λ)]− 1
2
e2ΦG2(r, e
−2Λ) +
e2Φ−2Λ
2
d
dr
(
G3(r, e
−2Λ)e−2Λ
)
−5∂G4(r, e
−2Λ)
∂X
dΛ
dr
e2Φ−6Λ
r
+
d
dr
(
∂G4(r, e
−2Λ)
∂X
)
e2Φ−6Λ
r
+
1
2
∂G4(r, e
−2Λ)
∂X
e2Φ−6Λ
r2
−3
2
G4(r, e
−2Λ)
dΛ
dr
e2Φ−4Λ
r
+
1
2
dG4(r, e
−2Λ)
dr
e2Φ−4Λ
r
+
1
4
G4(r, e
−2Λ)
e2pi−4Λ
r2
+
1
4
G4(r, e
−2Λ)
e−4Φ−2Λ
r2
+
1
2
d
dr
(
∂G5(r, e
−2Λ)
∂X
)
e2Φ−8Λ
r2
− 7
2
∂G5(r, e
−2Λ)
∂X
dΛ
dr
e2Φ−8Λ
r2
+
3
4
G5(r, e
−2Λ)
dΛ
dr
e2Φ−4Λ
r2
−15
4
G5(r, e
−2Λ)
dΛ
dr
e2Φ−6Λ
r2
− 1
4
dG5(r, e
−2Λ)
dr
e2Φ−4Λ
r2
+
3
4
dG5(r, e
−2Λ)
dr
e2Φ−6Λ
r2
+12G6(r)
dΛ
dr
e2Φ−4Λ
r
− 4dG6(r)
dr
e2Φ−4Λ
r
− 2G6(r)e
2Φ−4Λ
r2
− 2G6(r)e
−4Φ−2Λ
r2
−6G7(r)dΛ
dr
e2Φ−4Λ
r2
+ 30G7(r)
dΛ
dr
e2Φ−6Λ
r2
+ 2
dG7(r)
dr
e2Φ−4Λ
r2
− 6dG7(r)
dr
e2Φ−6Λ
r2
−192dG8(r)
dr
e2Φ−2Λ
r2
dΦ
dr
+ 16
dG8(r)
dr
e2Φ−2Λ
r2
dΛ
dr
− 16d
2G8(r)
dr2
e2Φ−2Λ
r2
− 48dG8(r)
dr
e2Φ−4Λ
r2
dΛ
dr
+16
d2G8(r)
dr2
e2Φ−4Λ
r2
, (102)
0 =
1
2κ2
{
− 1
r2
e2Λ(1− e−2Λ) + 2
r
dΦ
dr
}
+
1
2
e2ΛG2(r, e
−2Λ)− ∂G2(r, e
−2Λ)
∂X
+
1
2
e2ΛG3(r, e
−2Λ)
(
e−3Λ
r2
(
d
dr
(
r2eΦ−Λ
))
+ e−4Λ
dΛ
dr
)
−∂G3(r, e
−2Λ)
∂X
(
e−3Λ
r2
(
d
dr
(
r2eΦ−Λ
))
+ e−4Λ
dΛ
dr
)
−G3(r, e−2Λ)
((
e−Φ−Λ
r2
(
d
dr
(
r2eΦ−Λ
)))
+ 2e−4Λ
dΛ
dr
π′
)
+
1
2
(
−e
−Φ+Λ
r2
(
d
dr
(
r2eΦ−Λ
))
+
d
dr
)(
G3(r, e
−2Λ)e−2Λ
)− 1
2
e−2Λ
d
dr
(
G3(r, e
−2Λ)
)
−5∂G4(r, e
−2Λ)
∂X
dΦ
dr
e−4Λ
r
− 5
2
∂G4(r, e
−2Λ)
∂X
e−4Λ
r2
− 2∂
2G4(r, e
−2Λ)
∂X2
dΦ
dr
e−6Λ
r
− ∂
2G4(r, e
−2Λ)
∂X2
e−6Λ
r2
−3
2
G4(r, e
−2Λ)
dΦ
dr
e−2Λ
r
− 3
4
G4(r, e
−2Λ)
e−2Λ
r2
+
1
4
(G4(r, e
−2Λ)
r2
− ∂G4(r, e
−2Λ)
∂X
dΦ
dr
e−4Λ
r
+
1
2
∂G4(r, e
−2Λ)
∂X
e−2Λ
r2
− 1
2
∂G4(r, e
−2Λ)
∂X
e−2Λ
r2
− 7
2
∂G5(r, e
−2Λ)
∂X
e−6Λ
r2
dΦ
dr
− ∂
2G5(r, e
−2Λ)
∂X2
e−8Λ
r2
dΦ
dr
+
3
4
G5(r, e
−2Λ)
dΦ
dr
e−2Λ
r2
− 15
4
G5(r, e
−2Λ)
dΦ
dr
e−4Λ
r2
+
1
2
∂G5(r, e
−2Λ)
∂X
dΦ
dr
e−4Λ
r2
− 3
2
∂G5(r, e
−2Λ)
∂X
dΦ
dr
e−6Λ
r2
+12G6(r)
dΦ
dr
e−2Λ
r
+ 6G6(r)
e−2Λ
r2
− 2G6(r)
r2
− 6G7(r)dΦ
dr
e−2Λ
r2
+ 30G7(r)
dΦ
dr
e−4Λ
r2
+16
dG8(r)
dr
1
r2
dΦ
dr
− 48dG8(r)
dr
1
r2
dΦ
dr
e−2Λ . (103)
As in (42), if we wrote
G2(π,X) =
∞∑
n=0
G˜
(n)
2 (π)
(
1− e2Λ(r=φ)X
)n
. (104)
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we find
G2(r, e
−2Λ) = G˜
(0)
2 (r) ,
∂G2(r, e
−2Λ)
∂X
= G˜
(1)
2 (r) . (105)
Then Eqs. (102) and (103) can be rewritten as
G˜
(0)
2 (r) = F
(0)(r)
≡ 2e−2Φ
[
1
2κ2r2
e2Φ
d
dr
[
r(1 − e−2Λ)] e2Φ−2Λ
2
d
dr
(
G3(r, e
−2Λ)e−2Λ
)
−5∂G4(r, e
−2Λ)
∂X
dΛ
dr
e2Φ−6Λ
r
+
d
dr
(
∂G4(r, e
−2Λ)
∂X
)
e2Φ−6Λ
r
+
1
2
∂G4(r, e
−2Λ)
∂X
e2Φ−6Λ
r2
−3
2
G4(r, e
−2Λ)
dΛ
dr
e2Φ−4Λ
r
+
1
2
dG4(r, e
−2Λ)
dr
e2Φ−4Λ
r
+
1
4
G4(r, e
−2Λ)
e2pi−4Λ
r2
+
1
4
G4(r, e
−2Λ)
e−4Φ−2Λ
r2
+
1
2
d
dr
(
∂G5(r, e
−2Λ)
∂X
)
e2Φ−8Λ
r2
− 7
2
∂G5(r, e
−2Λ)
∂X
dΛ
dr
e2Φ−8Λ
r2
+
3
4
G5(r, e
−2Λ)
dΛ
dr
e2Φ−4Λ
r2
−15
4
G5(r, e
−2Λ)
dΛ
dr
e2Φ−6Λ
r2
− 1
4
dG5(r, e
−2Λ)
dr
e2Φ−4Λ
r2
+
3
4
dG5(r, e
−2Λ)
dr
e2Φ−6Λ
r2
+12G6(r)
dΛ
dr
e2Φ−4Λ
r
− 4dG6(r)
dr
e2Φ−4Λ
r
− 2G6(r)e
2Φ−4Λ
r2
− 2G6(r)e
−4Φ−2Λ
r2
−6G7(r)dΛ
dr
e2Φ−4Λ
r2
+ 30G7(r)
dΛ
dr
e2Φ−6Λ
r2
+ 2
dG7(r)
dr
e2Φ−4Λ
r2
− 6dG7(r)
dr
e2Φ−6Λ
r2
−192dG8(r)
dr
e2Φ−2Λ
r2
dΦ
dr
+ 16
dG8(r)
dr
e2Φ−2Λ
r2
dΛ
dr
− 16d
2G8(r)
dr2
e2Φ−2Λ
r2
− 48dG8(r)
dr
e2Φ−4Λ
r2
dΛ
dr
+16
d2G8(r)
dr2
e2Φ−4Λ
r2
]
, (106)
G˜
(1)
2 (r) = F
(1)(r)
≡ 1
2
e2ΛF (0)(r) +
1
2κ2
{
− 1
r2
e2Λ(1− e−2Λ) + 2
r
dΦ
dr
}
+
1
2
e2ΛG3(r, e
−2Λ)
(
e−3Λ
r2
(
d
dr
(
r2eΦ−Λ
))
+ e−4Λ
dΛ
dr
)
−∂G3(r, e
−2Λ)
∂X
(
e−3Λ
r2
(
d
dr
(
r2eΦ−Λ
))
+ e−4Λ
dΛ
dr
)
−G3(r, e−2Λ)
((
e−Φ−Λ
r2
(
d
dr
(
r2eΦ−Λ
)))
+ 2e−4Λ
dΛ
dr
π′
)
+
1
2
(
−e
−Φ+Λ
r2
(
d
dr
(
r2eΦ−Λ
))
+
d
dr
)(
G3(r, e
−2Λ)e−2Λ
)− 1
2
e−2Λ
d
dr
(
G3(r, e
−2Λ)
)
−5∂G4(r, e
−2Λ)
∂X
dΦ
dr
e−4Λ
r
− 5
2
∂G4(r, e
−2Λ)
∂X
e−4Λ
r2
− 2∂
2G4(r, e
−2Λ)
∂X2
dΦ
dr
e−6Λ
r
−∂
2G4(r, e
−2Λ)
∂X2
e−6Λ
r2
− 3
2
G4(r, e
−2Λ)
dΦ
dr
e−2Λ
r
− 3
4
G4(r, e
−2Λ)
e−2Λ
r2
+
1
4
(G4(r, e
−2Λ)
r2
−∂G4(r, e
−2Λ)
∂X
dΦ
dr
e−4Λ
r
+
1
2
∂G4(r, e
−2Λ)
∂X
e−2Λ
r2
− 1
2
∂G4(r, e
−2Λ)
∂X
e−2Λ
r2
−7
2
∂G5(r, e
−2Λ)
∂X
e−6Λ
r2
dΦ
dr
− ∂
2G5(r, e
−2Λ)
∂X2
e−8Λ
r2
dΦ
dr
+
3
4
G5(r, e
−2Λ)
dΦ
dr
e−2Λ
r2
−15
4
G5(r, e
−2Λ)
dΦ
dr
e−4Λ
r2
+
1
2
∂G5(r, e
−2Λ)
∂X
dΦ
dr
e−4Λ
r2
− 3
2
∂G5(r, e
−2Λ)
∂X
dΦ
dr
e−6Λ
r2
+12G6(r)
dΦ
dr
e−2Λ
r
+ 6G6(r)
e−2Λ
r2
− 2G6(r)
r2
− 6G7(r)dΦ
dr
e−2Λ
r2
+ 30G7(r)
dΦ
dr
e−4Λ
r2
+16
dG8(r)
dr
1
r2
dΦ
dr
− 48dG8(r)
dr
1
r2
dΦ
dr
e−2Λ . (107)
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Then arbitrary geometry given by Φ(r) and Λ(r) can be realized for arbitrary functions Gi (i = 3, 4, · · · , 8) by choosing
G˜
(0)
2 (r) and G˜
(1)
2 (r) as in (106) and (107). This may also tell that the spherical symmetric solution could have fourth
hair corresponding to the scalar field in addition to the usual three hairs corresponding to mass, angular momentum,
and electric charge. Then only G˜
(0)
2 and G˜
(1)
2 in G2(π,X) are relevant for the reconstruction of the spherically
symmetric and static solution and G˜
(n)
2 (π), n = 2, 3, 4, · · · are irrelevant for the reconstruction although they may be
related with the stability of the reconstructed solution.
As we have succeeded in the reconstruction of arbitrary spherically symmetric and static geometry, we may show
the reconstruction is compatible with the cosmological reconstruction in the last section. Let us assume G
(n)
i , n =
0, 1, · · · , Ni in (42) are relevant for the cosmological reconstruction and G(n)i , n = Ni + 1, Ni + 2, · · · are irrelevant.
We also assume G˜
(n)
i , n = 0, 1, · · · N˜i as in (104)
Gi(π,X) =
∞∑
n=0
G˜
(n)
i (π)
(
1− e2Λ(φ)X
)n
. (108)
are relevant for the reconstruction of spherically symmetric and static geometry and G˜
(n)
i , n = N˜i + 1, N˜i+ 2, · · · are
irrelevant. By expanding (42) as a power series of 1− e2Λ(φ)X by using 1−X = 1+ e−2Λ(φ) − e−2Λ(φ) (1− e2Λ(φ)X),
we find
Gi(π,X) =
∞∑
n=0
n∑
k=0
G
(n)
i (π) nCk
(
1 + e−2Λ(φ)
)n−k
(−1)ke−2kΛ(φ)
(
1− e2Λ(φ)X
)k
=
∞∑
n=0
(−1)ne−2nΛ(φ)
∞∑
k=n
G
(k)
i (π) kCn
(
1 + e−2Λ(φ)
)k−n (
1− e2Λ(φ)X
)n
. (109)
By comparing the expression in (109) and (108), we find
G˜
(n)
i (π) = (−1)ne−2nΛ(φ)
∞∑
k=n
kCn
(
1 + e−2Λ(φ)
)k−n
G
(k)
i (π) . (110)
Then when n < Ni, we find
G˜
(n)
i (π)− (−1)ne−2nΛ(φ)
N∑
k=n
kCn
(
1 + e−2Λ(φ)
)k−n
G
(k)
i (π)
= (−1)ne−2nΛ(φ)
∞∑
k=Ni+1
kCn
(
1 + e−2Λ(φ)
)k−n
G
(k)
i (π) , (111)
and when n ≥ Ni
G˜
(n)
i (π) = (−1)ne−2nΛ(φ)
∞∑
k=Ni+1
kCn
(
1 + e−2Λ(φ)
)k−n
G
(k)
i (π) . (112)
For a set given by G
(n)
i (π), n = 0, 1, · · ·Ni and G˜(n)i (π), n = 0, 1, · · · N˜i, we can always choose G(n)i (π), n = Ni, Ni +
1, · · · , Ni + N˜i to satisfy (110) (we may set G(n)i (π) = 0, n = Ni + N˜i, Ni + N˜i + 1, · · · and G˜(n)i (π) = 0, n =
N˜i+1, N˜i+2, · · · ). Therefore we can obtain an action generating both an arbitrary spherically symmetric and static
geometry and an arbitrary expansion history of the universe, simultaneously.
V. SUMMARY
In this paper, we gave explicit formulae of the equations in the generalized Galileon models. Even in generalized
Galileon models, the derivatives higher than two do not appear in the field equation of motion nor the Einstein
equation. These structures are clearly given by using the Levi-Civita symbol ǫµνρσ. We have also developed the
formulation of the reconstruction. As a consequence, we can construct an explicit action, which reproduces an
arbitrary development of the expansion of the universe. We should note that the functions Gn’s can be completely
20
and explicitly separate to the parts relevant for the expansion and the irrelevant parts. Some of the irrelevant parts are
related with the stability of the reconstructed solution and we can also identify which parts in Gn’s are relevant for the
stability. Then we have succeeded to show the conditions how the reconstructed solution becomes stable and therefore
it becomes an attractor solution. Working in the spherically symmetric and static space-time, we have investigated
how the Vainshtein mechanism works. It has been also shown that arbitrary spherically symmetric and static geometry
can be realized by properly choosing Gi’s, which may tell that the solution could have fourth hair corresponding to
the scalar field. We again identified the parts in in G2(π,X) relevant for the reconstruction. We should note that by
choosing Gi (π,X) appropriately, we can obtain an action which has both the solution corresponding to an arbitrarily
given spherically symmetric and static geometry and the solution an arbitrarily given expansion history of the universe.
The generalized Galileon model contains many functions denoted by Gi, which cannot be determined by the ex-
pansion history of the universe, the stability of the reconstructed solution, nor the condition that the Vainshtein
mechanism works. These function could be restricted if we consider the developments of the several kinds of fluctua-
tions by density perturbation, etc. The analysis by the perturbation could be very complicated in the models but it
might become possible by the development of the technologies.
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Appendix A: Explicit forms of Ek and (Hk)µν in the FRW universe
In this appendix, by assuming the FRW universe (36), we give explicit forms of Ek in (7), (14), and (16), and (Hk)µν
in (29).
In the FRW universe (36), we have
Γtij = a
2Hδij , Γ
i
jt = Γ
i
tj = Hδ
i
j ,
Ritjt = −
(
H˙ +H2
)
a2δij , Rijkl = a
4H2 (δikδlj − δilδkj) . (A1)
Then we find
E1 = 1 ,
E2 = 2π¨ + 6Hπ˙ ,
E3 = −18Hπ˙π¨ − 27H2π˙2 − 9H˙π˙2 ,
E(0)4 = 36H2π˙2π¨ + 36H3π˙3 + 30HH˙π˙3 + (third derivative terms) ,
∆E4 = 18H2π˙2π¨ + 18H3π˙3 + 6HH˙π˙3 + (third derivative terms) ,
E(0)5 = −20H3π˙3π¨ − 15H4π˙4 − 21H2H˙π˙4 + (third derivative terms) ,
∆E5 = −30H3π˙3π¨ − 45
2
H4π˙4 − 33
2
H2H˙π˙4 + (third derivative terms) ,
E6 = 24H2π¨ + 72H3π˙ + 48HH˙π˙ ,
E7 = −72H3π˙π¨ − 108H4π˙2 − 108H2H˙π˙2 . (A2)
We also obtain
(H2)00 = −1
2
G2(π,X)− ∂G2(π,X)
∂X
π˙2 ,
(H2)ij = 1
2
G2(π,X)a
2δij , (A3)
(H3)00 = 3∂G3(π,X)
∂X
Hπ˙5 − 9
2
G3(π,X)Hπ˙
3 ,
21
(H3)ij =
[
−1
2
dG3(π,X)
dt
π˙3 − 3
2
G3(π,X)π˙
2π¨
]
a2δij , (A4)
(H4)00 = −6∂G4(π,X)
∂X
H2π˙4 − 3∂
2G4(π,X)
∂X2
H2π˙6 +
9
4
G4(π,X)H
2π˙2 ,
(H4)ij =
[
−3
2
∂G4(π,X)
∂X
H2π˙4 − d
dt
(
∂G4(π,X)
∂X
)
Hπ˙4 − ∂G4(π,X)
∂X
H˙π˙4 − 4∂G4(π,X)
∂X
Hπ˙3π¨
+
3
4
G4(π,X)H
2π˙2 +
1
2
dG4(π,X)
dt
Hπ˙2 +
1
2
G4(π,X)H˙π˙
2 +G4(π,X)Hπ˙π¨
]
a2δij , (A5)
(H5)00 = −5∂G5(π,X)
∂X
H3π˙5 +
∂2G5(π,X)
∂X2
H3π˙7 +
15
4
G5(π,X)H
3π˙3 ,
(H5)ij =
[
∂G5(π,X)
∂X
H3π˙5 +
1
2
d
dt
(
∂G5(π,X)
∂X
)
H2π˙5 +
∂G5(π,X)
∂X
HH˙π˙5 +
5
2
∂G5(π,X)
∂X
H2π˙4π¨
−3
2
G5(π,X)H
3π˙3 − 3
4
dG5(π,X)
dt
H2π˙3 − 3
2
G5(π,X)HH˙π˙
3 − 9
4
G5(π,X)H
2π˙2π¨
]
a2δij , (A6)
(H6)00 = −18G6(π)H2π˙2 ,
(H6)ij =
[
−6G6(π)H2π˙2 − 4dG6(π)
dt
Hπ˙2 − 4G6(π)H˙π˙2 − 8G6(π)Hπ˙π¨
]
a2δij , (A7)
(H7)00 = −30G7(π)H3π˙3 ,
(H7)ij =
[
12G7(π)H
3π˙3 + 6
dG7(π)
dt
H2π˙3 + 12G7(π)HH˙π˙
3 + 18G7(π)H
2π˙2π¨
]
a2δij , (A8)
(H8)00 = 48dG8(π)
dt
H3 ,
(H8)ij =
[
−32dG8(π)
dt
H3 − 16d
2G8(π)
dt2
H2 − 32dG8(π)
dt
H˙H
]
a2δij . (A9)
Appendix B: Explicit forms of Ek and (Hk)µν in the static and spherically symmetric space-time
In this appendix, we give explicit forms of Ek and (Hk)µν in the static and spherically symmetric space-time,
especially in the Schwarzschild space-time.
In the static and spherically symmetric space-time in (90), we find
E(0)5 = 7
(π′)4e−8Λ
r2
d2Φ
dr2
+ 5
(π′)4e−8Λ
r2
(
dΦ
dr
)2
− 41(π
′)4e−8Λ
r2
dΛ
dr
dΦ
dr
+ 2
(π′)4e−6Λ
r3
dΦ
dr
+20
(π′)3(π′′)e−8Λ
r2
dΦ
dr
− 4(π
′)4e−8Λ
r3
dΦ
dr
+ (third derivative terms) , (B1)
E(0)4 = 10
(π′)3e−6Λ
r
d2Φ
dr2
+ 8
(π′)3e−6Λ
r
(
dΦ
dr
)2
− 44(π
′)3e−6Λ
r
dΛ
dr
dΦ
dr
+ 24
(π′)2(π′′)e−6Λ
r
dΦ
dr
+10
(π′)3e−6Λ
r2
dΦ
dr
− 22(π
′)3e−6Λ
r2
dΛ
dr
+ 2
(π′)3e−4Λ
r3
+ 12
(π′)2(π′′)e−6Λ
r2
− 2(π
′)3e−6Λ
r3
+(third derivative terms) , (B2)
E3 = 2(π′)2e−4Λ d
2Φ
dr2
+ 2(π′)2e−4Λ
(
dΦ
dr
)2
− 8(π′)2e−4Λ dΛ
dr
dΦ
dr
+ 12
(π′)2e−4Λ
r
dΦ
dr
+6(π′)(π′′)e−4Λ
dΦ
dr
− 16(π
′)2e−4Λ
r
dΛ
dr
+ 12
(π′)(π′′)e−4Λ
r
+ 6
(π′)2e−4Λ
r2
, (B3)
E2 = −2(π′′)e−2Λ − 2(π′)e−2Λ dΦ
dr
+ 2(π′)e−2Λ
dΛ
dr
− 4(π
′)e−2Λ
r
, (B4)
E6 = −16(π
′)e−4Λ
r
d2Φ
dr2
− 16(π
′)e−4Λ
r
(
dΦ
dr
)2
+ 48
(π′)e−4Λ
r
dΛ
dr
dΦ
dr
+ 8
(π′)e−2Λ
r2
dΦ
dr
−16(π
′′)e−4Λ
r
dΦ
dr
− 24(π
′)e−4Λ
r2
dΦ
dr
− 8(π
′)e−2Λ
r2
dΛ
dr
+ 24
(π′)e−4Λ
r2
dΛ
dr
22
+8
(π′′)e−2Λ
r2
− 8(π
′′)e−4Λ
r2
, (B5)
E7 = 12(π
′)2e−4Λ
r2
d2Φ
dr2
− 36(π
′)2e−6Λ
r2
d2Φ
dr2
+ 12
(π′)2e−4Λ
r2
(
dΦ
dr
)2
− 36(π
′)2e−6Λ
r2
(
dΦ
dr
)2
−36(π
′)2e−4Λ
r2
dΛ
dr
dΦ
dr
+ 180
(π′)2e−6Λ
r2
dΛ
dr
dΦ
dr
+ 24
(π′)(π′′)e−4Λ
r2
dΦ
dr
− 72(π
′)(π′′)e−6Λ
r2
dΦ
dr
. (B6)
Here π′ ≡ dπ
dr
and π′′ ≡ d
2π
dr2
. Especially for the Schwarzschild metric (94), we have
E(0)5 =
16(π′)4GM(2GM − r)2(3GM − r)
r8
− 20(π
′)3GM(2GM − r)2(2π′′rGM − π′GM − π′′r2)
r8
+(third derivative terms) , (B7)
∆E5 = −96(π
′)3π′′G4M4
r7
+
138(π′)4G4M4
r8
+
200(π′)3π′′G3M3
r6
− 182(π
′)4G3M3
r7
− 116(π
′)3π′′G2M2
r5
+
117(π′)4G2M2
2x6
+
20(π′)3π′′GM
r4
− 4(π
′)4GM
r5
+(third derivative terms) , (B8)
E7 = −288π
′π′′G3M3
r6
+
576(π′)2G3M3
r7
+
240π′π′′G2M2
r5
− 360(π
′)2G2M2
r6
−48π
′π′′GM
r4
+
48(π′)2GM
r5
, (B9)
E(0)4 =
12(π′)2(2GM − r)(2π′G2M2 + 2π′′r2GM − 2π′rGM − π′′r3)
r6
− 8(π
′)3GM(2GM − r)(3GM − r)
r6
+(third derivative terms) , (B10)
∆E4 = 0 + (third derivative terms) , (B11)
E6 = 0 , (B12)
E3 = 36π
′π′′G2M2
r3
− 18(π
′)2G2M2
r4
− 42π
′π′′GM
r2
+ 12
π′π′′
r
+
6(π′)2
r2
, (B13)
E2 = −2
(
1− 2GM
r
)
π′′ +
4
r2
(GM − r)π′ . (B14)
Since
∆E4 = 2(π
′)3e−6Λ
r
d2Φ
dr2
+
4(π′)3e−6Λ
r
(
dΦ
dr
)2
− 16(π
′)3e−6Λ
r
dΛ
dr
dΦ
dr
− 2(π
′)3e−4Λ
r2
dΦ
dr
+
12(π′)2(π′′)e−6Λ
r
dΦ
dr
+
8(π′)3e−6Λ
r2
dΦ
dr
+
6(π′)3e−4Λ
r2
dΛ
dr
− 8(π
′)3e−6Λ
r2
dΛ
dr
−6(π
′)2(π′′)e−4Λ
r2
− 2(π
′)3e−4Λ
r3
+
6(π′)2(π′′)e−6Λ
r2
+(third derivative terms) , (B15)
∆E5 = −7
4
(π′)4e−6Λ
r2
d2Φ
dr2
+
19
4
(π′)4e−8Λ
r2
d2Φ
dr2
− 7
4
(π′)4e−6Λ
r2
(
dΦ
dr
)2
+
27
4
(π′)4e−8Λ
r2
(
dΦ
dr
)2
+
6(π′)4e−4Λ
r2
dΛ
dr
dΦ
dr
− 49
4
(π′)4e−6Λ
r2
dΛ
dr
dΦ
dr
− 105
4
(π′)4e−8Λ
r2
dΛ
dr
dΦ
dr
− 6(π
′)3(π′′)e−4Λ
r2
dΦ
dr
+
14(π′)3(π′′)e−6Λ
r2
dΦ
dr
− 2(π
′)4e−6Λ
r3
dΦ
dr
+
12(π′)3(π′′)e−8Λ
r2
dΦ
dr
+
4(π′)4e−8Λ
r3
dΦ
dr
+(third derivative terms) , . (B16)
we acquire
E5 = −7
4
(π′)4e−6Λ
r2
d2Φ
dr2
+
47
4
(π′)4e−8Λ
r2
d2Φ
dr2
− 7
4
(π′)4e−6Λ
r2
(
dΦ
dr
)2
+
47
4
(π′)4e−8Λ
r2
(
dΦ
dr
)2
23
+
6(π′)4e−4Λ
r2
dΛ
dr
dΦ
dr
− 49
4
(π′)4e−6Λ
r2
− 269
4
(π′)4e−8Λ
r2
dΛ
dr
dΦ
dr
− 6(π
′)3(π′′)e−4Λ
r2
dΦ
dr
+
14(π′)3(π′′)e−6Λ
r3
dΦ
dr
+
32(π′)3(π′′)e−8Λ
r2
dΦ
dr
, (B17)
E4 = 12(π
′)3e−6Λ
r
d2Φ
dr2
+
12(π′)3e−6Λ
r
(
dΦ
dr
)2
− 60(π
′)3e−6Λ
r
dΛ
dr
dΦ
dr
− 2(π
′)3e−4Λ
r2
dΦ
dr
+
36(π′)2(π′′)e−6Λ
r
dΦ
dr
+
18(π′)3e−6Λ
r2
dΦ
dr
+
6(π′)3e−4Λ
r2
dΛ
dr
− 30(π
′)3e−6Λ
r2
dΛ
dr
−6(π
′)2(π′′)e−4Λ
r2
+
18(π′)2(π′′)e−6Λ
r2
. (B18)
Thus we obtain
E(G)2 =
∂G2(π,X)
∂π
− 2e−2Λ
(
dΦ
dr
− dΛ
dr
)
∂G2(π,X)
∂X
π′
−4e
−2Λ
r
∂G2(π,X)
∂X
π′ − 2e−2Λ d
dr
(
∂G2(π,X)
∂X
)
π′ − 2e−2Λ ∂G2(π,X)
∂X
π′′ , (B19)
E(G)3 =
∂G3(π,X)
∂π
e−4Λ(π′)3
(
dΦ
dr
+
2
r
)
− 3G3(π,X)e−4Λ
(
dΦ
dr
− 3dΛ
dr
)(
dΦ
dr
+
2
r
)
(π′)2
−6G3(π,X)e
−4Λ
r
(π′)2
(
dΦ
dr
+
2
r
)
− 6G3(π,X)e−4Λπ′π′′
(
dΦ
dr
+
2
r
)
−3G3(π,X)e−4Λ(π′)2
(
d2Φ
dr2
− 2
r2
)
− 3dG3(π,X)
dr
e−4Λ(π′)2
(
dΦ
dr
+
2
r
)
−2∂G3(π,X)
∂X
e−6Λ(π′)4
(
dΦ
dr
− 5dΛ
dr
)(
dΦ
dr
+
2
r
)
− 4∂G3(π,X)
∂X
e−6Λ
r
(π′)4
(
dΦ
dr
+
2
r
)
−8∂G3(π,X)
∂X
e−6Λ(π′)3π′′
(
dΦ
dr
+
2
r
)
− 2∂G3(π,X)
∂X
e−6Λ(π′)4
(
d2Φ
dr2
− 2
r2
)
−2 d
dr
(
∂G3(π,X)
∂X
)
e−6Λ(π′)4
(
dΦ
dr
+
2
r
)
, (B20)
E(G,0)4 = −
∂2G4(π,X)
∂π∂X
e−6Λ
r
(π′)4
(
2
dΦ
dr
+
1
r
)
+
(
2
d2Φ
dr2
− 1
r2
)(
4
∂G4(π,X)
∂X
e−6Λ
r
(π′)3 + 2
∂2G4(π,X)
∂X2
e−8Λ
r
(π′)5
)
+
(
2
dΦ
dr
+
1
r
)[
4
∂G4(π,X)
∂X
e−6Λ
r2
(π′)3 + 12
∂G4(π,X)
∂X
e−6Λ
r
(π′)2π′′
+4
d
dr
(
∂G4(π,X)
∂X
)
e−6Λ
r
(π′)3 + 4
∂G4(π,X)
∂X
e−6Λ
r
(π′)3
(
dΦ
dr
− 5dΛ
dr
)]
+
(
2
dΦ
dr
+
1
r
)[
2
∂2G4(π,X)
∂X2
e−8Λ
r2
(π′)5 + 10
∂2G4(π,X)
∂X2
e−8Λ
r
(π′)4π′′
+2
d
dr
(
∂2G4(π,X)
∂X2
)
e−8Λ
r
(π′)5 + 2
∂2G4(π,X)
∂X2
e−8Λ
r
(π′)5
(
dΦ
dr
− 7dΛ
dr
)]
, (B21)
E(G,0)5 = −
∂2G5(π,X)
∂π∂X
e−8Λ
r2
(π′)5
dΦ
dr
+ 5
∂G5(π,X)
∂X
e−8Λ
r2
(π′)4
(
dΦ
dr
− 7dΛ
dr
)
dΦ
dr
+20
∂G5(π,X)
∂X
e−8Λ
r2
(π′)3π′′
dΦ
dr
+ 5
∂G5(π,X)
∂X
e−8Λ
r2
(π′)4
d2Φ
dr2
+5
d
dr
(
∂G5(π,X)
∂X
)
e−8Λ
r2
(π′)4
dΦ
dr
+ 2
∂2G5(π,X)
∂X2
e−10Λ
r2
(π′)6
(
dΦ
dr
− 9dΛ
dr
)
dΦ
dr
+12
∂2G5(π,X)
∂X2
e−10Λ
r2
(π′)5π′′
dΦ
dr
+ 2
∂2G5(π,X)
∂X2
e−10Λ
r2
(π′)6
d2Φ
dr2
24
+2
d
dr
(
∂2G5(π,X)
∂X2
)
e−10Λ
r2
(π′)6
dΦ
dr
, (B22)
∆E(G)4 = −
∂G4(π,X)
∂π
(π′)2
r
(
e−4Λ
dΦ
dr
− 1
2
e−2Λ
r
+
1
2
e−4Λ
r
)
+2
[
e−4Λ
r2
dΦ
dr
+
e−4Λ
r
(
dΦ
dr
− 3dΛ
dr
)
dΦ
dr
+
e−4Λ
r
d2Φ
dr2
− 1
2
e−2Λ
r2
(
dΦ
dr
− dΛ
dr
)
+
1
2
e−4Λ
r2
(
dΦ
dr
− 3dΛ
dr
)](
∂G4(π,X)
∂X
e−2Λ(π′)3 +G4(π,X)π
′
)
+2
[
e−4Λ
r
dΦ
dr
− 1
2
e−2Λ
r2
+
1
2
e−4Λ
r2
] [
d
dr
(
∂G4(π,X)
∂X
)
e−2Λ(π′)3
−2∂G4(π,X)
∂X
e−2Λ
dΛ
dr
(π′)3 + 3
∂G4(π,X)
∂X
e−2Λ(π′)2π′′ +
dG4(π,X)
dr
π′ +G4(π,X)π
′′
]
, (B23)
∆E(G)5 =
∂G5(π,X)
∂π
(π′)3
2r2
(e−4Λ − 3e−6Λ)dΦ
dr
−3π′π′′G5(π,X)(e−4Λ − 3e−6Λ)dΦ
dr
− 3
2
(π′)2
dG5(π,X)
dr
(e−4Λ − 3e−6Λ)dΦ
dr
−3
2
(π′)2G5(π,X)
[
e−4Λ
(
dΦ
dr
− 3dΛ
dr
)
− 3e−6Λ
(
dΦ
dr
− 5dΛ
dr
)]
dΦ
dr
−3
2
(π′)2G5(π,X)(e
−4Λ − 3e−6Λ)d
2Φ
dr2
−4∂G5(π,X)
∂X
(π′)3π′′(e−6Λ − 3e−8Λ)dΦ
dr
− d
dr
(
∂G5(π,X)
∂X
)
(π′)4(e−6Λ − 3e−8Λ)dΦ
dr
∂G5(π,X)
∂X
(π′)4
[
e−6Λ
(
dΦ
dr
− 5dΛ
dr
)
− 3e−8Λ
(
dΦ
dr
− 7dΛ
dr
)]
dΦ
dr
−∂G5(π,X)
∂X
(π′)4(e−6Λ − 3e−8Λ)d
2Φ
dr2
, (B24)
E(G)6 = 8
∂G6(π)
∂π
(π′)2
r
(
e−4Λ
dΦ
dr
− 1
2
e−2Λ
r
+
1
2
e−4Λ
r
)
−16
[
e−4Λ
r2
dΦ
dr
+
e−4Λ
r
(
dΦ
dr
− 3dΛ
dr
)
dΦ
dr
+
e−4Λ
r
d2Φ
dr2
− 1
2
e−2Λ
r2
(
dΦ
dr
− dΛ
dr
)
+
1
2
e−4Λ
r2
(
dΦ
dr
− 3dΛ
dr
)]
G6(π)π
′
−16
[
e−4Λ
r
dΦ
dr
− 1
2
e−2Λ
r2
+
1
2
e−4Λ
r2
](
dG6(π)
dr
π′ +G6(π)π
′′
)
, (B25)
E(G)7 = −8
∂G7(π)
∂π
(π′)3
2r2
(e−4Λ − 3e−6Λ)dΦ
dr
+24π′π′′G7(π)(e
−4Λ − 3e−6Λ)dΦ
dr
+ 12(π′)2
dG7(π)
dr
(e−4Λ − 3e−6Λ)dΦ
dr
+12(π′)2G7(π)
[
e−4Λ
(
dΦ
dr
− 3dΛ
dr
)
− 3e−6Λ
(
dΦ
dr
− 5dΛ
dr
)]
dΦ
dr
+12(π′)2G7(π)(e
−4Λ − 3e−6Λ)d
2Φ
dr2
, (B26)
E(G)8 = −
32e−4Λ
r2
∂G8(π)
∂π
[
e2Λ
d2Φ
dr2
− d
2Φ
dr2
+ e2Λ
(
dΦ
dr
)2
−
(
dΦ
dr
)2
− e2Λ dΛ
dr
dΦ
dr
+ 3
dΛ
dr
dΦ
dr
]
. (B27)
In the static and spherically symmetric space-time in (90), we obtain
(H2)tt = −1
2
e2ΦG2(π,X) , (B28)
(H2)rr = 1
2
e2ΛG2(π,X)− ∂G2(π,X)
∂X
(π′)
2
, (B29)
25
(H3)tt = 1
2
G3(π,X)e
−4Λ (π′)
2
(
π′′ − dΛ
dr
π′
)
+
1
2
e2Φ−2Λπ′
d
dr
(
G3(π,X)e
−2Λ (π′)
2
)
, (B30)
(H3)rr = 1
2
e2ΛG3(π,X)
(
e−3Λ
r2
(π′)
2
(
d
dr
(
r2eΦ−Λπ′
))− e−4Λ (π′)2(π′′ − dΛ
dr
π′
))
−∂G3(π,X)
∂X
(
e−3Λ
r2
(π′)
2
(
d
dr
(
r2eΦ−Λπ′
))− e−4Λ (π′)2(π′′ − dΛ
dr
π′
))
(π′)
2
−G3(π,X)
(
(π′)
2
(
e−Φ−Λ
r2
(
d
dr
(
r2eΦ−Λπ′
)))− 2e−4Λ (π′)2(π′′ − dΛ
dr
π′
))
+
1
2
(
−e
−Φ+Λ
r2
(
d
dr
(
r2eΦ−Λπ′
))
+ π′
d
dr
)(
G3(π,X)e
−2Λ (π′)
2
)
−1
2
e−2Λ
d
dr
(
G3(π,X) (π
′)
3
)
, (B31)
(H4)tt = −5∂G4(π,X)
∂X
(π′)4
r
dΛ
dr
e2Φ−6Λ +
d
dr
(
∂G4(π,X)
∂X
)
(π′)4
r
e2Φ−6Λ + 4
∂G4(π,X)
∂X
(π′)4π′′
r
e2Φ−6Λ
+
1
2
∂G4(π,X)
∂X
(π′)4
r2
e2Φ−6Λ − 3
2
G4(π,X)
(π′)2
r
dΛ
dr
e2Φ−4Λ +
1
2
dG4(π,X)
dr
(π′)2
r
e2Φ−4Λ
+G4(π,X)
ππ′′
r
e2Φ−4Λ +
1
4
G4(π,X)
(π′)2
r2
e2pi−4Λ +
1
4
G4(π,X)
(π′)2
r2
e−4Φ−2Λ , (B32)
(H4)rr = −5∂G4(π,X)
∂X
(π′)4
r
dΦ
dr
e−4Λ − 5
2
∂G4(π,X)
∂X
(π′)4
r2
e−4Λ − 2∂
2G4(π,X)
∂X2
(π′)6
r
dΦ
dr
e−6Λ
−∂
2G4(π,X)
∂X2
(π′)6
r2
e−6Λ − 3
2
G4(π,X)
(π′)2
r
dΦ
dr
e−2Λ − 3
4
G4(π,X)
(π′)2
r2
e−2Λ +
1
4
G4(π,X)
(π′)2
r2
−∂G4(π,X)
∂X
(π′)4
r
dΦ
dr
e−4Λ +
1
2
∂G4(π,X)
∂X
(π′)4
r2
e−2Λ − 1
2
∂G4(π,X)
∂X
(π′)4
r2
e−2Λ , (B33)
(H5)tt = 1
2
d
dr
(
∂G5(π,X)
∂X
)
(π′)5
r2
e2Φ−8Λ +
5
2
∂G5(π,X)
∂X
(π′)4(π′′)
r2
e2Φ−8Λ − 7
2
∂G5(π,X)
∂X
(π′)5
r2
dΛ
dr
e2Φ−8Λ
+
3
4
G5(π,X)
(π′)3
r2
dΛ
dr
e2Φ−4Λ − 15
4
G5(π,X)
(π′)3
r2
dΛ
dr
e2Φ−6Λ − 1
4
dG5(π,X)
dr
(π′)3
r2
e2Φ−4Λ
−3
4
G5(π,X)
(π′)2π′′
r2
e2Φ−4Λ +
3
4
dG5(π,X)
dr
(π′)3
r2
e2Φ−6Λ +
9
4
G5(π,X)
(π′)2π′′
r2
e2Φ−6Λ , (B34)
(H5)rr = −7
2
∂G5(π,X)
∂X
(π′)5
r2
e−6Λ
dΦ
dr
− ∂
2G5(π,X)
∂X2
(π′)7
r2
e−8Λ
dΦ
dr
+
3
4
G5(π,X)
(π′)3
r2
dΦ
dr
e−2Λ
−15
4
G5(π,X)
(π′)3
r2
dΦ
dr
e−4Λ +
1
2
∂G5(π,X)
∂X
(π′)5
r2
dΦ
dr
e−4Λ − 3
2
∂G5(π,X)
∂X
(π′)5
r2
dΦ
dr
e−6Λ , (B35)
(H6)tt = 12G6(π) (π
′)2
r
dΛ
dr
e2Φ−4Λ − 4dG6(π)
dr
(π′)2
r
e2Φ−4Λ − 8G6(π)ππ
′′
r
e2Φ−4Λ − 2G6(π) (π
′)2
r2
e2Φ−4Λ
−2G6(π) (π
′)2
r2
e−4Φ−2Λ , (B36)
(H6)rr = 12G6(π) (π
′)2
r
dΦ
dr
e−2Λ + 6G6(π)
(π′)2
r2
e−2Λ − 2G6(π) (π
′)2
r2
, (B37)
(H7)tt = −6G7(π) (π
′)3
r2
dΛ
dr
e2Φ−4Λ + 30G7(π)
(π′)3
r2
dΛ
dr
e2Φ−6Λ + 2
dG7(π)
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e2Φ−4Λ
+6G7(π)
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r2
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e2Φ−6Λ , (B38)
(H7)rr = −6G7(π) (π
′)3
r2
dΦ
dr
e−2Λ + 30G7(π)
(π′)3
r2
dΦ
dr
e−4Λ , (B39)
(H8)tt = −192dG8(π)
dr
e2Φ−2Λ
r2
dΦ
dr
+ 16
dG8(π)
dr
e2Φ−2Λ
r2
dΛ
dr
− 16d
2G8(π)
dr2
e2Φ−2Λ
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−48dG8(π)
dr
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(H8)rr = 16dG8(π)
dr
1
r2
dΦ
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− 48dG8(π)
dr
1
r2
dΦ
dr
e−2Λ . (B41)
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